CHAPTER VI

Pritish Reactions and 'E Gravesande's Reply

(1722-1729)

 The discussions by Polenﬁs-and ‘g Gravesande
sparked a series of counter exXperiments and srguments
by British sclentists in the years from 1722-1729.
The first of these papers (1722) was coniributed
by Henry Femberton who later in 1728 published one of the
three outstanding popular introductions to Newtonlan

science, a non-technicel View of Sir Issac Newton's Phil-

osophy. Although published after Newton's death (1727)
‘this account, authorized by Newiton himself, had besn
written while Newbton was alive.

Pemberton's "Letter to Dr. Mead" appeared in the

Royal Society's Philosophical Transactions for May, 1722.1

Hig introductory remarks stated nls contention that
Poleni's conclusions werse wrong and that Leibniz's opinion

was unreasonsabls:

lHenry Pemberton, "A lstter to Dr. Msad...conceraing
an dxperiment, whereby 1% has been attempted to shew the
falgity of the common Oninion in relation to the force of
Bodies in *otion." April, May, 1722 issue of Phil., Trans.,
32 (172L) 57-66.
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Porusing the Leerned Polenus's Tract, De Cgsstellis

vou were pleased to send me 1 have found in it seve-
eral curious experiments among wnich I reckon that

of letting globes of ecgual Magnitude but of different
welghts fall upon a yvielding substance as Tallow, Wax,
Clay or the like from %the heights reciprocally pro-
portionsl to the weights of the globes. This exper-
iment enrared in particular my sttention ass 1t is
brought with design %fo overturn one of the First Prine
ciples established in Natural Philcsophy....Il cannot
by any means admit of the Deduction that is drawn
from thence, that becaouse the globes make in this
experiment equal impressicns in the yielding sub-
gtance, therefore they strike upon it with egual
force...0n the contrary 1l fthink this very experiment
nroves the great unreasonablenesgs of Mr, Leibniz's
notion, :

The experiment of Poleni, he wrote, "Better informs
us of the law by which these yilelding substancs resist the
motion of bodles striking them, than tc shew the forcss
with which Bodies strike". Using the Newtonian concept of
action equals rescilon, Pemberton changes the vis viva
problem of free fall intc a momentum problem. He treats
Poleni's experiment essentially as an inelsstic collision
with the earth in which Exa igs not congerved. His argumen%ﬁ
185 ag follows:

The opposition of the yielding gubstance to the

globeg of different weights entering equal disftances into

the substances Ls proporticnal to the time it takes them

to move through the substance LR@/ bty = RB/tB whare RA, Rg

Resistance of yielding substance to globes A and B/.

2Tpig,, S7.
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The opposition or momentaneous loss of force 1s therefore
reciprocelly proportional to the velocity of easch globe.
[ = v, t,= Vptas hence Hyv,= Rpve7  The whole force
measured by the guantity of motion mv Lwhere masg snd
weight sre confused and taken ag identical is likewise
reciprocally proportional to the velocity of each globe.
/Force of motion = mv/ The globes while penetrating
eguel distances into the substance lose parts of their
force which bear the same proportion te the whole force.

[0, ¥, /Ry= mpvp/Rgwhers L Rp= loss of force or opposition

of tallow/ ; Thus even if the velocitiss are proportional
to the square root of the weights, as in the case of living
forces, they ars sgtill proportional to.the forces with
which they press into the substance and will make equal
indentations in it. "And therefore upcn the Thsory of
Resistance here gsupposed, when the whole Force and lMotion

of both these Giobes is entirely lost, they will be plunged
3

into the substance at equal depths.” pPgmberton

concludes:

But as T have asserted in the beginning of this letter
that the very experiment of Polenus 1is not only re-
concileahle to the common Loctrine of Motion, as 1
have now demonstrated; but.even thsat 1t does iteelfl
make monifest the great unreasoneblensss if not the
absolute absurdity of Mr. Leibniz's Clpin_’Lorl.I-L

31pig., 60.

brpia., 62,
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Another member of the Royal Society, John Theophilus
Desaguliers, known for his translation of 'g Gravesance's
work on physics, entered the discussion in.1723 with sa
paper entitled: "An Account of' Some Experiments Made.to
Prove That the Force of Moﬁing Bodies is Proportionable
+o.Their Velocities: (Or Rather That the Momentum of
Moving Bodies is to Be Found by Muitiplying the Masses into
the Velocities) In Answer fto Such who Have Sometime Ago
Arfirmed That Force 1s Proportionable to be Sqguars of" the

Veloeity and to Those Who 3till Defend the Same Opinion”.5

Desaguliers had besn curator of experiments st the
Royal Society since 1713 and knew Newton intimately. He
was widely known for the original snd skillful demonatration
expsriments which he used in public lectures and courses on
Newtonian szcience,.

Hs showsd his hearers through their eyes what:
‘thair reading had taught fthem only imperfectly’
and ‘of which they had only a superficial notion'.
His experiments were completely convinelng and
without doubt nothing could have made a gstronger
impression upon the audience than the ocular proof
of the Newtonisn philosophy provided in his
lectures.

5John Theophilus Degaguliers, "an Account of some
Expariments made 1o prove that the Force of Moving Podies
is proportionable to their Veioclties: (or rather that
the Momentum of Moving Bodies is to be found by multi-
plying the Masses into the Velocities) .In answer to
such whe have sometime ago affirmed thet Force 1s propor-
tionsble to the Sguare of the Velocity and to thosge who
gt11l defend the samse opinion.” Jan.-Fegb,,1723 issue of -
Phil. Trans., 32, (1724} 269-279.

6T. Bernard Cohen, Franklin and Newton, Pnilsdslphisa,

1926, 2L6.
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Desaguliers begins his "Account of Some Experiments'
with a summary of his view of the controversy:

Ag far as 1 can learn Hongieur Leibniz was the

first that oprosed the received oplnion concsrning
the Quantity of %the Force of moving Bodles by

saving thet 1% was to be sstimated by multiplying
the llags of the Bodies not by thelr veloclty but

by the sguare of it. But instead of shewing any
Paralogism in the mathematical Demonstratimg which
are madse up to Frove the FProposition or any mistakes
in the Ressonings from the Experiment made to coniirm
it, he uses other Mediums to prove hls assertions;
‘and without eny Regard to what others had gald on
that subject brings new Argumsents which the Reverend
and Lesrned Dr. Clarke has fully answered in his
£ifth letter to him. Messieurs John Bernoulli,
Wnlfius, Hermannus and others have followed and
defended M. Leibniz's opinion and in the same manner
so thet what is answer to him i1s go to them.

Polenus (Prof. zt Padua) hag acted affer the same
menner in the experinental way making some exper-
iments to defend M. Leibniz's Cpinion, withnout
having shown those to be false which are made use

of to prove the contrary...

Hig first argument, designed to support the view
that Torce is preportional to the mass multiplied by the
velocity was:

If a man with a certasin Force can wmove a welght of
£ifty Pounds, through a Space of four Feet, in a
determinate time: it is certsin he must employ twice
thet Force to move one hundred Pounds Weight through
the same Space in the s=ame tlume.

Eut if he uses but the same Force, he will move
the one hundred Founds Weight but two Feet in the
came time. For as the one hundred Founds Weight con-
tainsg two Fifty Pound Weights, 1f each of fhem has ITwo
degrees of velocity given to it, it will exactly re-
gquire the ssme Force thet would give one of them Four
Degreocs of Velocity; hence 1t appears that Force 1is
proportionable to the Mags multiplied into The Velocity.

‘7Desagu1iers, op. cit., 269-270,

SIbid., 271,
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This areument would be true only 1f there were ftwice as

much friction or resgisgtance cperating on the 100 1b weight

?508?(53; 50 lb. welght./y~ %; a{ﬁ&:S%O, mv - (50)(4); b}y:lgo, mV-
The second grgument 1Is based on the law of ths

lever (8ee disgram, vp. 19L). Degaguliers, like Catslan

and Papin erronsously used the principle of virtual vel-

ocifties in srpulng for momentum, A weight of 100 pounds

haviaz a levaer arm of 1, balances a 2% gound weigh% with

a lever arm four times as.great. "It 1s known to all

Mechanicisng, that a Weight of one hundred pounds at A,

will keep In Aeguilibrio a Weight of twenty-five TFounds

henging at B, where 1t will have a Vsloclty four times
greater than that of the Weizght at A,... Wheresas if the
Forceg were as the Mass multiplied into the Square of the
Veleclity, ths twenty-five pound Weighﬁ should have bsen
gusnended oniy twice as far from the fulecrum gg the 100
pound Welght."

This contrary argument of course was never claimed
by Leibniz who asserted it as a case of dead forcs, mﬁv/@i

2
or mdv since the times are equal, and not a case of mv

Desaguliera incorrectly cites a virtual velccities prob-
lem in support of momentum. The third argument of Deg-
aguliers 1g the Tamillar one based on the time of descent
of a heavy body: YAs *he Time of the fall through a gpace

of' our Feot ig twice the Time of & fall through one Foot
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/s = Hat27, the Velocity in the latter Case is double that
of the first LEP = mv/, and consequently the Blow, thet
%

the Body will give, will be doubls,

Thig defines the "Blow" as the body's momentur,
ml.' Here, unlike Leibniz's "Brief Demonstratioa", the
comparison is wmsde between different helgate for the game
falling weight. #1though Desaguliers is attenpting to
refute Leibniz bj referring %o the timss of fall rather
than the distances, he sctually hasgs altered the problem
by describing the momﬁntum acquired by & falling body.

The experiments of 's Gravesande avpesring in his

Mathematical &1erents of Natural Philosovhy are repsated

here by Desaguliers as confirmation that the "Congress of
Eiastic Bodies" shows that the "momentum of Bodies is in
Froportion to the Masg multiplied into the Veloclity...as

c s e s o x 10
demongtrated by Issac Newton in his Principia.”

A second paper by Desagullerg in the followlng

sasue of the Transactions criticized Poleni's experiment

using bodies falling from different heights into soft

1OIb:"Ld., 275-278.

1L
John Theophilus Desaruliers, "Animadversions upon
some Fxperiments relsting to the Force of Movine Bodles;
with %wo new Exneriments on the same subject,” (March,
April, 1723 issue of Thil. Trans. 32 (172L) 285-290.
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According 5o Desagullers the mistake made by Foleni
wae in estimating the force of the stroke of the falling
valls by the depth of the impression in the yiélding sub-
stance. TInstesd one must consider "That when two Bodies
/of different weights/ move with equal Forces /mv/ but dif-
ferent velocities, that which moves the swiftest must make

the deepest Impr'ession'...“l2

An exveriment was designed to 1ilustrate this point
as follows (see diagrem, Fig. I, p.197 ); An apparatus
was constructed which consisted of a horizontal base on
which stood two vertical parallel boards 4 inches apart.
Between these boards, placed as norizontsl shelves, Wwere
gix evenly spaced wooden frames acrogs gach of which a
paper diaphram (C) was extended. lThese diaphrams served
s function gimilar to the soft clay of Poleni./ From a
support (F) a hollow ivory ball weighing 1% ounces was
susnended by a thread L feet above the f irst diaphragm,
When tthe thread was cut the falling ball broke through L.

of the paper diaphragms. yWs = 3 (4) =6 ; mv = 37
' 2

The hollow ball was then filled with lead such that it

weighed twice as much as Defore end was allowed to fall

from a hisight of 1 foot. This time it broke only two dia-
phragms, /ws = 3(1)=3;mv=3, the forces, or mv's thus
12

Ibid. s 286:
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being oqual as stated above./ Upon repstition of the
experiment using different helghts whose proportion was
I to 1, it wee Tound that when the weight of the Dballs
were in the ratio of 1 and 2, the heavy and sloweast ball
iﬁ‘= 33 v o= 1/ broke through but half the number of papers.

In this experiment both balls, of weights in the
ratio of 1:2 falling through heights in .the ratio of 4:l,
hit the first paver diaphragm with equal momenta /mv = (1)
(2) = (2){1)7. The vis vima of the lighter fw = 1; mv" =

L7 is double thaet of the heavier Jfw = 2; mve =

b

1(2)%

2(2)° = g7. Thus this experiment is not identical with

]

that of Leibniz's "Brief Demongtration”. The time of fall
2 . . . .
{ 8 = #85%) of the lighter, falling through ¢ = L is double
that of the heavisr falling throug s = 1. The times of
fall are independent of the weights but dependent on the
heights, Thus the number of diaphragms broken will bse in
the gsame ratio as that of the %times or 2:1, where the
heighls are in the ratio of lLi:1. The lighter ball then
hes greater vis vivas then the heavier, but they have equal
momentsa,
Desaguliers concludes as follows:

Now tho! this Experiment doss at [irst seem to

confirm FPolenus's Theory; vebt; when duly welgh'd,

it proves no such thing. For the lighter Ball

doeg not break thro' more Papers, because 1t has

more Force, or a greater Quantity of Motlon, but

because esch Diaphrsegm has but half the time to

regigt the Ball that falls with s double Veloclty,

and therefors their Hesistance being as the time,

ag many more of them must be broken by the swift
Bsll sg by the Slow ons.

131p1i4., 288.
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The import of Desaguliers' papsr seems 10 e the
following: If force iz messured bY mv, then 1if the mv
of two falling bodiss are equal, the depth of ths impres-
sions or the number of diaphragms broken are uneguel.

Thus the depth of the impregsion cannot be used as a
messurs of the body's forcefsee p. 196.)

Here then the oroblem is one of definition. Ir
force i1s defined as @22 (Leibniz) then the depth of the
imoregsions are equal for squal forces because E£2 depends
on the heights But 1f force 1s defiméd as mv (Desaguliers)
then for equal forces fhe impresgions are not egual.

A4 contributisn of 1726 by John Eame%ureiterated the
conclusion of the two preceding authors {(Pemberton, 1722;
Desaguliers, 1723) thut the proper use of an experiment
such as Poleni's was bo discover the laws of resistance
weich soft or vielding substances wmake to bodies moving

in them and not to discover the force iteself of the moving
bodiss. Again this was an attempt to reduce a vis viva
problem to & momentum prbblem.

FEames' paper was a refutation of a statement made
by /Muschenbrosk/ professor at Utrecht that Torce was &s

the proportion of the mass and the square of the velocity

jLLLJo‘rm Zames, & "Remerk upon the New Opinion relating
to the Forces of moving EBodies, in the casé of the Coliision
of Non-%lastic Dodies," Neovember, December, 1726 issue of
Phil. Trans. 3k, $1728) 183-187. '
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for the case of non~elastic bodiess:

A variety of experiments have been made and
reasoning used in Epgland and France to onrove
the truth of the common opini~n; but they do not
entirely satisfy all the gentlemen on ths cther
side of the auesgtion. The present ingenious Pro-
fessor of Mathematicg and Philosonhy at Utrecht®
tells us in the Freface to his Epltome Blementorum
Physico-Mathematicorum, published thls vear 1726,...
it guando exnarimenta a' Tolenc et ‘s Gravesandio
descrinta evaminantur st ingrniciuntur, tam manifesto
avincunt vires corporum vercubisntium esse Iin rations
comnogita ex guadrata velocitatum, et simplicl mass-
arum, ut illis subsgscribere teoneamur, nisl srertiss-
umis contradicere studesmus. _

I beg leave to examine fthe truth of the new Opinion
in the Csse here oroposed, wiz, Viresg corporum per-
cutientium: and 1 shall endeavour to show from their
own Frinciples, that it cannct he true in all the
Cssesg of Non Elsgtic Bodiss. 5

Baged on the rule for finding the common veloclty
of non-elastic bodies as stabted by 'sw Gravesande, Eames
finde the force, mxg, for two cagses of inelastic bodiss
A and & contsining equal quantities of matter. In the Tirst
case B ig af rest, and A moves towsrd it with 8 degrees of
velocity. Using 's Gravesande's rule that the common vel-
ocity after the coliision is fqund by dividing the sum
of the guantities of motinon by the sum of fhe quantities

1
of matter, [v'! = As + Bb/ the common velocity is found
+ ‘

A B
to be L., The force after the stroke would then be as the

'square of that velocity or 16,

lSIbid., 18y,
16

See 's Gravesande, "New Theory on Collision," (1722)
39 and this digsertztion, Ch. V, p. 177. '
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In the second case B moves forward with veloclity
2 and A follows with velecity 10, thus refaining the
gsme relative velocity, &, as in case 1, and the same force
of collisicn. The common velocity after collislon will
then be 6, or half the sum of the initial velocities. Now
the forco, mia, of B before the collision will be as 1tsvelocity
squard or p? =4 and the force after will be 62 = 36.
The force communicated by the collision will be the dif-
ference or 36-LL = 32, This is double the sffect commun-
icated by t he same force in case 1 and shows that if the
force were as the masse times the velocity sguared, "equal

strokes would produce uneqgual. Effscts.”

L table was gilven
showing additional cases to prove that inelastic collisions
produced unequal effects.

If Bames' argument is interpreted to mean that
living forces are not conserved in inelagtic collisioneg,
it is of course guite corrsct in 1ts intent.

'8 Gravesande however in his "Wew Theory of Col-

ligion™ did not claim thet forces, @3? wers the same bhefors

and after an inelastic collision. The derivation of the

expression, v' = Aa + Bb , had already taken into account
A+ B

the force lost in collision., It was simply an expression
for the common velocity cof the two boedles.
A second paper by bames in the same issue was a

discussion of a proof by John Bernoulli based on the com~-
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poslition and resclution of forces showing that forces

17

are as the squares of the velocities.

Here fgmes shows that "far from proving that side
of the Questlion for which it was brought, this demonstra-
tion will egually serve to prove the truth of the other,
namely that the Torces of the same Body moving with dif-
fersnt Velocities are ss thoss Velocities".l8 His cone
clusion ig: "Since therefore.this Proof drawn from the
Doctrine of Composition and Resolution of Forces equally
proveg both sides of the Question it proves tco much, or
in reality nothing at 21l; and is therefore far from
deserving the Name of a Demonstration.“lg

In showing that both sides of the question could be
proven valid BEames had hit upon a fruitful method of attack.
Yet in merely concluding that the demonstration was not
really a proof, he fell short of d' Alembsrt's insight that

both meassures of forece were actually correct.

Also appearing in the FPhilecscphical Trangsactions,

John BEames, "Remarks upon a supposed Demonstration,
that the moving forces of the game Pody are not as the Vel-
ocities, but agas the Sgusres of the Velocities," November,
December, 1726 issue of FPhil., Trans., 34 (1728), 188-191.

18

Tkid., 190
19

Ipid., 191.
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1728, was a paper by Samuel Clerke  who eleven yesrs
before in 1716 had argued with Leibniz sgaingt the con-
gservetion of living force. This was one of the bitterest
attacks the controversy produced. An interesting illua-
tration of this purely polemlical agpect of the controversy
is provided by the following stastement from the psn of Mr.
Clarke:
It has often been observed in general that Learning
does not give men Understandling; and that fthe abaurdegt
thinres in the world have been asserted and meintained by

nersong whosge education and studies should seem to have
furnished them with the greatest exbtent of Scglence.

That knowledre in many languages and Terms of Art and
in the Hisbvéory of Opinionsg and Romanftick Hypothesss of
Philosophers, should sometimes be of no effect in - cor-
recting Men's Judgment, i1g not so much to be wondered:  at.
But that in Mgthematlcks themselves, which are a real
Science, and foundsd in the Necesgsary WNaturm of Things;
men of very great 2bllities in abstract computatlons, when
they come to gpoly thoss computations to the Nature of
Thines, should versist in maintaining the most ps slpable
abmurstleb, and in refusing to see some of the most

evident snd obvious ftruths; is very strange.

An extrzordinary instance of this, we have had of late
vears in very eminent Mathematicians, Mr. Lpibniz, Mr.
Herman, Mr. 's Oravegsnde, and e, Be?nﬁulll,fwho in order
to ralse a Dust of Uppositlion agalngt Siy Lesac Newton's
philosophy, the glory of which is the applicabtion of
shbatract flathematics to the real phenomens of Naturs, )
have for some yearg insisted with great Hagerness, upon
a principnle which subverts 211 Seiencs, and whilch may
eagily be made to appesr... o be contrary to the necesgary
snd egsontilal Nature of Yhings,.

OSamual Clarke, "A letter from the Rev., Dr., Samuel
Clsrke to Mp. Denjamin Hoadly, F.R.S. occasion'd by the
nregsent Controversy amnng Mathemsticlansg, concerning the
Proportion of Velocity ené Force in bodiss in Metion,
'hil.Transg., 35 °(1728), 381-389.
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Whet they contend Tor 1s, That the force of
@ Bodv in Mption is proportionsl, not to its
Velocity, bub to the Sguesre of itz Velocity.
The Absurdity of which Notion I gshall first make

apnear and then shew what 1t 1s that hes led these
gantlemen inkd Sprour.

In this 1728 vaper Clarke srgued .that "In the Nature of Things...

every Effsct must necesgarily be proportionate to the csuse

of that Effect: thet is to the Action of the Cause or the

Power exerted at the Time when the Effecf ig producecd. To

suppose any Lffect proportional to the Sguare or Gube of

its Cause, 1g to supposs ﬁhat.an Effect arises pertly from

its Cause and partly fron Nothing.“ag
With regard to a body in motion, the portion of the

force arising from the guantity of wmatter aé its cause is

necessarily proportional to its quantity of matter, and the

force arising from the veloclty 1s proportional to its vel-

ocity. "If the Forces were as the Square of the velocity,

all that part of the Yorce which was above the /simple/

Proporiion of the Velocity would arise sither out of Hothing

or (according to Mr. Leibniz's Philosophy) out of some

diving soul essentially belonging to every Particle of

Matter".23

2L
Inid., 381, 382,

22
23

Ibid., 383.
Ivid., 383-38L.
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Clarke cltes the importance of considering the
time by saying that the space described by a body in

motion iz not ag the forecs alone but as the force and

. 2l
the time taken together. L A body thrown upwards with

double the force ii.e. EV7.will be carried four times

as high before its motion be stopped by the uniform Resisg-
tance of Gravity; because the double Force will carry 1t
twice ag high in the same Time and wmorsover require tuwics

the Time for the uniform Resistance to destroy the Motion.”

an— o p———

That 1gy 1if a body 1lg thrown upwards with velocity v
riging to height h in time %, then 1I 1ts veloclty wers
2v in 2% it would rise not 2h but Lh. "The space described

must noeds be as the Force, =znd az the Time wherein the

ki

Force operates. Thus the "Force™ 1s in ths proportion of

the space avplied to the time, or as L to 1 or 2 to 1.

Here Clarke is comparing the momenba gf thé same body {or
two bodies of the same mass) thrown upwards with different
initial velocities: (m){2¢) ¢ {m){v). ZLeibniz's argument
would be to compare the vires vivae of the ssme body with

2
these same initial velocities: (m)(2v) (m)(v)a. Both

would be correct depending on the wmeaning given To the word

"forece .

2hrpig,, 380,
251414, , 382,
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The same argument wasg given in Clarke's fifth

Vs
reply in his correspondencs with Leibniz.go

In this the Csritesians and other Fhillosochers
and Mathemeticiansg agree; all of them making the
impulgive PForces of Bodles proportional to their
Motions, and measuring their Metions by their
tlagses and Velocities together, and thelir veloclties
by the Spaces which they describe, applied to the
Times in which they describs them. [v=g/t/ I.T a
body thrown upward doeg by doubling ifts Velocity,
ascend four Timesg higher®in twWwice the Time, 1ts
impulsive Force will be increased, not in the
proportion of the Space described by its Ascent but
in the Froportion of that Spasce applied to the Time,2
that is in the proportion of /&/t/ L to L or 2 to L. !
2 1

Thus Clarke in the above argument is sgain comparing
the momenta of the two sgual bodiesg, 2wmv and mv. Leibniz's

argument would compare the living forces, Lmv2 and mvg.

Clarke is using the relationship mv = mgt, whiie Lelbniz's

argument is based on the equation mps = /%/ EE?.
A second and gimilar argument in this same "Fifth
"Reply" goes as follows:
The Force required to make body B of four pounds
rise up 1 vard will make body A of 1 pound weight rise

up (not L yerds as Mr. Leibniz represents) but 16 yands
in guadruple the time. For the gravity of I pounds

zésamuel Clarke, & Collection of Papers Wnich Passgsd

Botwaen the Late TLesrned Mr. Lelbnigz and Dr. Clsrke, "Dr.
(larke's Fitth Hepiy', London, i7l17, footnote to secs. 93-95,
pp. 327-339. For a discussion of this see Alexander Koyr®é
ané L. Bernsrd Cohen, "Newton and the Leibniz-Clarke
Correspondence”, Archiveg internstionsles d'histotre des
scisnces, 15 (1962] 63-126.

2761arke's "Pifth Heply," op. ¢it., 333, footnots.
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weight in one part of time acts sz much zs the 28
cravity of one pound weight in four parits of Time.

Here Clsrke ig misrepreosenting Leibniz‘é argument
for the time in which the one pound welght would rise
four yards is nobt guadruple the tims but double the time.
In guadruple the time it would, of course, rise 16 yards.
A puzzling result of the measure of force In this

free fall problem, on the weight of the body, invalidated
in the minds of Clarke and Newbon, the Leibnizian argument
originally derived from the free fall case. Clarke says
that Hermann in his Phoronomis (p. 113) agreed with Leibniz
and srgued that the Cartesisn idea that the forces of falling
bodies are proportional to the times of falling was based
on & false hypothesis., This false hypothesis was that
bodiss thrown upward receivecfrom ths gravity reslsting
them an equal number of Impulses in equal times. Clarke
interpreted Hermann to mean

that the swifter the motion of bodies 1lsg upwards,

the more numerous are the impulses, because the

Bodies meet /more of/ the (imeginary) Gravitating

Particles. And thus the Welght of Bodies will be

grester when they move upwards and lesgs when they

move downwards. And vet Mr. Leibniz and Mr. Rermann

themgelves allow that gravity inequal Times generates

equal Velocitles in descending Bodies and takes away

squal Valocities in ascending Bodles; and therefors

55" Uniform, In its action upon bodies for generating

Velocity thevy allow 1t te be uniform; in its actilon
upon them of gensrating impulsive lorce, they deny

it to be uniform. And so are inconsistent with themselves.

5
2 Clerke, 'Fifth Reply", op. cit., 335, footnote.

291bid,, 337.

29
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What did Clar¥ke mean by this? He showed how
gravity would be non-uniform for Leibniz by following

Galileo's treatment of falling bodless (2gs = ve - Vo2)_30

But where Gglileo uses the term veloeity, Clarke uses
the term "force'™. Then he squates "force" with the
"getion of gravity" which penerates it in order to show
that given Leibniz'd dependence of force, mla, on space,
that gravity varies non-uniformly as the veloclty of the

felling body. In the interchanging of the terms vslocity,

force, and action of gravity lles the speciousness of the

argument , for the force of gravity dosg not vary with

velocity., Here 1s Clarke's line of thought.

3OGalileo Galilel, Two New Sciences, trans. Henry
Crew and Alfonso de Splvio, Wew York, 1914 edition, 161.
"o..we may, in a sgiailar menner, throuch equsl time
intervals concelve additions of speed as taking plzace
without cemplication; thus we may plcture to our mind
a motion as unifeormly and continuously accelerasbted when
during any squal Intervals of ftime whatevsy, egual incre-
ments of spsed ars given to it. Thus 1f any egual inter-
vals of time whstsver have elewwed, counting from the
time 2t which the moving body left its position of rest
and began to descend, the amount of gpeed acgulired durlng
the Tirst two time intervals will be double that acquired
during the first time interval alone; =0 the amount
added during three of these timo intervals will be
treble; snd that in four guadruple thet of the first time
interval...a motion ig¢ said to be uniformly accelersted
wnen starting from rest, it acguires during equal time-
intervals, ecgual incrementg of speedﬁ
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I the "Force" of a falling body ig as the

apace, ag Lelbnlz saye, then in the first part of a
geries of equal tlmes, the body will gain one part of

. 2 . X .

force, /v = 17, in the first two parts of time it

R . 2
~will gain four parts of Yorce, /v = L7, in the first

three parte it will gain nine parts of forcs lvz = 97,

-

até. Conseqguently during the second moment 1% gains
five narts of force, L-1 = 3, in the third moment 1%
" gaing five parts, /9=l = 5/ , in the fourth 1t gains

seven parts /16-9 = 77 etc. Wow if the action of grav-

ity for genserating these forces be supposed in the

middle of the second, third, and fourth parts, be of
three, five, aud gseven degress etc. The force of gravity
"will be proportionsl to the time and to the velocity

acguired. And by Consequence in the Beginning of

the Time it / the action of gravity / will be none
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at all end so the body for want of gravity will not fall
down. And by the same way of arguing when a body 1s
thrown upwards its gravity will decrsase as 1ts velocity
decreases and cease when the body ceases to ascend, and
then for want of pgravity, it will rest in the Alr, and
a1l down no more. So full of absurdities is the Notion

of the Lserned Author in this particularial

Tt has been recently discovered by hoyrg end Cohen
that the above argument wag drafted by Newbon himselfl.
Fragments were located in the Newbton manuscript collection
indicating that Newton played a far greater role in the
srgunent with:Leibniz than had heretofore been sugpected.
Much of the lenguage used by (larke inm this particular
argument comes verbstim from replies draftved Dy Newton.

Newhon, for exemple, expressed the above argument
in the following two fragments, like Clarks eguating the
terms weight and gravity with force or ¥vsloocity, thsrsby . °J
making . the.welght of ,a . body oroportional to its time of fall.

And upcn thege rules of éﬂcending snd descending
Golileo demonstrated that projectiles would in
spaces void of rosistence describe parsbolas. And
511l Mathematicisns {(not excepting Mr. Leibnlz nim-
aslf) unanimously agrse that he was in the right.
And vet Mr. Leibniz would have us measure &the force
imprest, not by the velocity generated to which it

ig proportional but by the space of ascent to which
it ig not proportional.

31
Inid., 338-339, footnota.

32Koyr€"and Cohen, op. cit., 118.
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The weight or gravity of the body which by its
action impressces these impulsive forces upon the
body acts with three ftimes more force in the

sacond part of the tHime than Iin the Tirst and

/ith five times more force in the third part of

the time than in the first and with feven times
more foree in the fourth nart of the time than

in the first and so on. Which is as much as o

say that the falling body grows heavier snd hesavier
ag it falls, end becomes three times heavier in

the widdle of the third psrt of the time than in
the middle of the first and so on. Or that the
weight of the bhody is proportional to the time

of ite falling. And by consequence that in the
berinning of the first pert of the time the body
hath no welght et all. Which is contrary to fhe
hyoothegis of uniform gravity and fto experience
itgelf.33

Excerpts from snother fragment in the Newbton manu-
script collsction show where Clarks derived his argument
that Leibniz's one pound weight would be thrown 16 times
ag high as his four pound weight by the same force.

Tha reason of hig inconsistency In this matber was
his compubing by a wonderful unphilosophical error
the quantity of impulsive force acquired by a falling
body from the quantity of igq matter and of the space
described b}T it in fallings rec}{oning the force
acquired to be in a compound ratio of the matter and
the spasce together. Wow matter is as the welght
thereof, and the space described ig as the square
of the time of 1ts falling and therefore according
My, Leibniz the forcs acquired in falliang is In a
compound ratio of the weight of the felling body
snd the squars of the time of its falling.

4

[rge)

33Koyr'é and Cohen, op. cit., 119.
3L i b :
Cf. Clarke, "Fifth Heply," op. cit., 329. "The

reason of his Inconsistency in the Mstter, was hls com-
puting by s woaderlfully unphilosorhical Error, the Quan-
tity of Impulsive force in an Agcending Body from the
Quantity of its Matter and of the Space described by it

in Ascending without considering the Time of 1ts agcending.”
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...3 body therefore of one pound weight is not (as
Mr, Y“aibniz gupposesg in the Acta Eruditorum ad annum
1686 pag. 162) turown in vaecuc four times as high
but sixteen times as high by the same quantity of

impulsive force wherewith s body of four pound weight
ig thrown ons foot high. )

Newton must have assumed that Leibniz's one pound
weight fell in time four from helght four rsther than in
time two., In Tollowing Newton, Clarke carried over the
same error tc his 1728 paper.
In his "Fifth Reply,"” Clarke like the Cartesians
made the migstake of confusing the virtusl velocities of & body,
mdv, with quantity of motion or force as shown by this
gtatement: "And if equel bodieg librate upon the arms of
a Balance, at various distance from the axis of the balance,
the Forceg of the Bodies will be in Proportion as the Arches
described by them in librating, because they librate in the
game times.”36
In his 1728 psper Ciarke also answered the expsrimental
arguments of Poleni and 's Gravesande:
When 2 RBody projected with a double Velocity, enters
deeper intc snow or goft clay or into a heap of
gpringy or elastic narte, than in proportion to its
Velocitvy &'is not because the Force is more pro-
portwonfl to the Veleocity: but because the Depth it
penetrafes into a soft Medium, asrises parily from the

Dgeree of the Force or Velocity, and partly from the
Tsme whereln the Dorce operates before it be spent.

/3 =¥ty F o= myv/37
35

1010, 331,

Koyrg andé¢ Cohen, op. cit., 119.

37Clarke, 1728, op. cit., 387.
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Clarke's final argument in his 1728 paper involves
the conservetion of force, (i.e. momentum) referring back
to hig 1716 letters to Leibniz. In the collision of hard
ineléstic bodies, he says, when a moving body hits another
of the same size at rest, both will move on together dividing
the motion between them. However if the balls are perfscily
glastic the moving vall will comrmunicate sll its motion to
the one at rest snd will itself come to rest in the other's
place.

Were it now trus that the_Force of the movine Ball
wag ag the Scusre of its velocity; these Zxosriments
would then show (which is infinitely absurd) that the
Forece or visg inertiss in the gulescent Palil, the

desd Force, was always proporitional to the Sguare

of the Vslocity {(which these gentlemen affect fanbt-
agstically to call the living Force) of the moving
Bs1l, whatever its velocity were. Or the force in
Both might just as reasgonably be supposed to bs

g8 the Cube or the guadratoguadrate or any other
Power of the Velocity of the moving Baelli. Which

ig turning the Nsture of Thinerg into Ridicule.

...0ut from the Hxperiments now menticned 'tils
evident that 1f the Forcs of Bodies in Motion

could be exalted even to the infinit 'th Power of
thelr Velocitvs wvet since to answer the Phenomena

of Nature with Regard to Action and He-Action,

the game HForce must necessarily be allowed to all 8
quisscent bodies likewise, it could be of No HEffect.

. ‘ 2
In other words if force were measured bY mV  then
in a collision each of the twe bodies should retain their
2 ! - 3 39 T 1
mvT ag a meagurse of their force even 1f at rest. Further

to maintain the eguality of action and reacticn, a resting

!
33Ibid., 387-388, Italics Clarke's.

Dear . . 2
3 Thies would bs true 1if mv- were stored sasg heai
or other energy. '
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body should have a force calculated by the same measure
as a moving body, i.e. DY m&z. Now Clarke had maintained
in his 1716 corresrondance with Leibniz that two inelastic
bodies colliding with equal forces lost all their motion,
implying thet this was an example of the diminution as
opposed to the congervation of force in the universe. He
refers to these letters in the above argument.uo Leibniz
had answered that in the collision of two goft or in-elastic
bodies although gquantity of motion did not remain the same
(meaning mivi) the forces (mv ) were lost only in appearance.
For "the wholes lose i% with respect to their total motion,
but thelr parts receive 1%, being shaken internally by the
faoreca of the concourse....lhe bodissg do not lose their forces,
but the case here is the same as when men change great money

L1

into smail,™

To this Clsrke had replied that the problem lay not
with sof% inelsstic bodies but with hard inelastic bodles.

But the guestion is; when two perfectly HARD un-
elastic bodies lose thelr whole motion by meetlng
together, what then becomes of the motion or active
impulsive force? It cannot be dispersed among the
narts, because the parts ere capsble of no tremulous
mofion for want of elasticity.h2

LOngual Ciarke, "Clarke's Fourth Reply'", The Leibniz-
Grarke Correspondence, edited H. G. Alevander, Manchester,
1986, 52, sec. 38, TFor the corresgpondence see also Gerhardt,
P.S. VI, 345-LLi0.

ulLeibniz, "pifth Letter to Clarke,"Alexander, 87,sec.99.

uEClarke, Hpifth Reply," Alexander, 111, sec. 99.
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In his "Pifth Reply" Clarke had also explained

the vis inertige of matter{rsf. p. 213): "The.very same force which

ig requisgite to give any certain velocity to any certain
guantity of watter &% rest, 1s always exactly reguisite
to reduce the same degres ol velocity to & ghate of rest

again. This vig inertiase 1s always proportional to the

quantity of matter; and therefore continues invariably

the same...whether at reat or in motion; and is never
transferred from ons body to another.... 3o that propsrly
and indesd all force in matier elther at reest or in motion,
all its action and resction, all impulse and all resistancea,

b3

. . 1 s a . . . . tr
ig nothing but this vieg insrtise in different clrcumstances.

Active impulsive force ig always proportional to the
gquantity of relative motion, that is, proportional %to-the
quantity of matter and the velocity {(not to the quantity of
matter and the square of the velocity,) Thié active forcse,
go defined,

does natufally diminish continually in the material
universe. Ml That this is no defect is svident;
becgurge 'tilisg only a consequence of matter being
lifelsss, vold of motivity, unactive and Inert,

For the inertia of matter causeth...that solid and
porfectly hard bodies vold of elasticlity, meeting
together with equal and contrary forces, lose their
whole mofion and zctive force....and mgst depend
upon gome other caugs for new motion.u

e, . _
Lonld,, Footnote to sec, 299. Alexandeyr, ~Eli,l12.

LLLhﬁ;lthough Clarke’s measure of force, fav, agrees guantvlb-
atively with Uescartes'! quantity of wmotion, Ularke doss mnot agree
with Descartes that this force is conserved in the universe,

LLSThese arguments were tsken directly {rom Newton with
whom Caarke had consulted during the correspondence and who



216

Although Clarke's final argument at the close of

hisg 1727 raver 1g obscure, the ilssue seems to be that iT
the law of sction and reaction were to be obeyed in col-
lisions of bodies, elastic or hard inelastic, all resting
bodisg would have to hsve a force ofrmiey if the force of

: . 2
the moving bedles was measursed by mv™, But force is not

congerved in hard Inelacstic collisiong and hence 1g not

had written in his Queriesg to BEoolk III of the Optica:
The Vis inertiazs i1z a passive TPrinciple by which
Fodies pergist 1n their Motion or Hest, receivs
Motion in nroportion to the Force impressing 1t, and
regist as much as they are resisted. By this Prin-
ciple alone there never could have been any Motion
in the Vorld. Some other FPrincinle was necessary for
putting EBodies into Motdion; and now they sre in Motilon,
Some other principle i= neceszsary for conserving the
motirn,.% For from the varicus composition of ftwo Meoflons,
"tis very certain that there is not slways the =ame guan-
tity of HMotion in the World.... By reason of the Tenacity
of Fluids, and Attrition of their TFarts, and the Weak-
nasg of Blasticlty in Solids, Motion 1e wmuch more apt
to be lost than got, and is always on the Dscay. For
Bodies which are sither absolutely hard, or so soft
ag o be vold of Llasticity will not rebound from
one another. Imnenetrability makes them only stop.
If two equal bodies meet directly in vecuo, they will
by tha Laws of Mntion, stop where they meet, snd lose
211l their Motion and rewmasin at rest, unless they are
elastick, and receive new Motion from their Spring...
Seeing therefore that the varlety of Motlcn which we
find in the World i1s slwayvse decreasing, there 13 a
neceggity of conserving and recruliting i1t by active
Principles such ag are the csuse of Gravity, by which
Planets and Comats keep their Motions in their Orbe,
and bodies acquire great Motlon in falling, and the
Czuse of Formentation,,."
(Issac Newbon, Opticks, Wew York, Dover Publication, 1952,
ity ed., 1730, 397~399, Book III, query 31. sContrast
Descartes, "Principis Philosophiae,” Osuvres, 8, op. cit.,
Principle 36, "God created matter slong with motion and
rest in the beginning: and now, merely by hils ordinary
cooperation, he nregervesg Jjust the quantity of motion and
rest 1in the material world that he nut there in the beginning.”
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conssrved in the universe except when God pericdically

adde new Torce to prevent it from running down. Hence

2
mV  1g not the wessure of force.

As already pointed out, Leibniz's reply malntained
that the force of %the universe was constant. Byt if this

ig the case it loglecally followg from Clarke's own argument
2

that force should be weasured by mV

In the Leibniz~Clarke Corrsspondence the dual between
the Leibnizisns snd Carteslansg becomes & threefold 1lssue
which now includes the Newbonlans. Descsrtes’ guantity of
mofion, mv, waes the game guantitative megmure off force as
Hewton's cuantity of wotion, mv. Newbon's measurs howaver
took into sccount the sign of the velocity, and late in the
geventeenth century was referred to as momentum; the word
"rorest %niNewbonisn mechanics, being reserved for the time
rate of chanre of momentuvm. B2ut Degcartes held that mv was
conserved in the universe while Clarke and Newton argued
that the "fopcs'of the universe was continually decressing
dus to the logs of my in herd inelastic collislons {and
due to sberrations in the plansfery motions). On the
other hand Leibniz, 1ike Descartes, srgued for congerva-
tion but meintained that mxz was the measurs of force.

The Leibniz-Clarke Correspondence had originated
with a similer issue. Leibniz had ssserted that a God who

3did not have to intervene in the workings of the world after
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its creation weg wmore powerful than one who did:

3ir +ssac Newbon and his followers have also a

very odd opinion ccncerning the work of God.
According %to their doctrins, Geod Almlghty wanbs
Ji,e. needs/ to wind up his wateh from time to

time, otherwise it would cesse To move. He had not
it seems, sufficlent foresight to make 1t a perpet-
uel motion. Nay the machine of God's making 1s so
imperfect according %o these gentlemen thabt ne 1s
obliced to clean 1t now and then by an extraordinary
concourse, and evem to mend 1t ag a clockmaker mends
his work...and tTo set it righit. According to my
opinion the ssme force and vigor remasins glways in
the world and only passeg from one part of matter

to ancther, agreeably fto the laws of nature and the
besautiful pre-sstablished order. And 1 held that
when God works miracles he doesg not do it in order
to supply the wants of nature but those of gracs,
Whoever thinks otherwlse wmueh neseds have a vgry
moan notisn of the wisdom snd power of God. b

The begis of Crarke's reply is thst God is more
powerful if he is involved in the operation of the world;
otherwise Gnd is not necesgsary:

And if God, or Man or Anv Living or Active Power,
sver influences any thing in the materisal world;
ané¢ everything be not absclute Mechanlem; there
must be a continual Increase and Decrease of the

whole Quantity of Motion in the Universe. Which
this Learned Man frequently deniles.

Here then is a second similarity between Leibniz
and Descartes. Ged'e power for them lay in his crsation
and congervation of the world without day to day inter-
ference. The lesue of conservaltlion versus non-conservatilon
hWe. ... - ‘ M s s
Leibniz, The Leibniz-Clarke Correspondence, "Leibniz's

Firet Faper", Alsxander, op. cit., 11, 12.

1.7
Tbid., 327.
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in addition to that cf mv v 7 2 b 4
1 a G0 18 L argus _I'l:\.;'_ will be sesn in the
argumsnts of the Leibnlzlans, Cartesgians, and Newtonlans
ss they appesred in the publications of %the Frenchh Academy.
Clarke's 1728 paper had begun with a polemlc against
2
the defendsrs of mv ™, Among the names llsted wasg IMr. 's
Gravesande who was accused of "railsing a dust of opposition
against Sir Iesac Hewton™ by lansisting on s principle which
. w 1B
gubverts all sclence®,.
13 Gravesgsnde replied to Clarke's attack on hils

intellectual honssty with a two part discussion in the

Journal Literaire for 1729: "Remarks on the Force of

Bodies in Mstion and on Collision; preceded by some Reflec-
tions on the Manner of Wpiting of Doctor Samusl Clsrke.”ug
"Mpat of those," he salid, "who have attscked my
writings have observed...all the rules of honesty' and
theirrconduct has been most honorable...”. I have worked

n snother manner in order to clarify the truth as much as

(=]

I sm capable of. TIn writing I have tried to propcse my
arguments in a menner which can best serve to resgolve the

difficultiecs; or better I have examined the difficulties

3
4 Clarke, 172%, on. cit., 382; see this chapter,
o.
b9

William dscob 'g Gravesande, "Remasrques sur la
forcs des corps en mouvement et sur lse choc; preoedées
de quelques reflexions sur la manisr d'dcrire de *lonsisur
16 Docteur Samuel Clorke,” Journal Literaire,la Paye, 13

(1729) ot. I, 189-197, end 13, pt.ll, [[07-1.30.
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without responding directly to those who wers the authors

)
of them. "2V

Clarke had, he wrote, attecked his understanding,
and sccused hin of "the wost palpsble absurdities” and of
refusing to admit "the mogt evident and obvious truths."
Furthermors he, 's Gravesande, was accused of doing this
in order to rales a "dust of opinion” against Newton. |

'S Gravesande replisd that "Monsieur Clarke had not
preached morality a1l his 1life without knowing tnat to
write not in order to clarify the truth but to 'ovscure dis-
covories as besutiful as fthose of M. Hewbton, is not a be-
hevier suitable to an honesi man. It is not possgible that
such an accusgation should fall fo maks an impression on
the minds of those who know how great a reputation Clarke
hag acquired in the direction éf theology and morality;
and...it would be a pity to suggest that Clarke, (raising
a ”Gust of oppogition" to his own honesty,) had put forth

' 1
something not in accord with the truth.”s After all,

"$he vpoint in question /that of living forces/was touched
uron by Newton onlv in passing...Who could imagine that in

writing something new on thig subject one would wish to

obscure the glory of M. Newton?”sg

50
Thid., 189,190.

1
> Ipid., 193, 19l.

2
Ibid., 19.L.
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In Part II of this article ip the Journsl Literaire,

's Gravesande dlscusses the equivocation of the word “"force.
t.‘Mosi: philosophers,” he writes, "say that motion is the
transporting of a body from one place to another or the suc-
cegsive aonlication of the perimeter of a body to different

narts of space (1l'etendus), Zi.e. as mv/ ...0ther philosophers

regard the transport of a body as an affect of motion and

not ag motion itself, /Ji.e. as m127 and considering thst
whatever causes a body to be trsnsportsd is the gsame as
that which renders it capable of acting on an obstacle,

Motion 1is confounded with the Ability to Act.”ga

"But in whatever manner ons considers motion, every-
s [y
one agrees thst 1t is accompanied by what one calls "forcs!,

But here 1is a most equivocal word. What is Force?”55

One sees the effect of forece in the meeting of two
bodies and this effect i1s the sction of ons body on another.
But the idea of action implies that of resistance or con-
trary action. ALction snd resistance sxpress the same thing
concelved differently. While nne body acts, or resists so

that it loses motlon, the other body whose motion is augmented

53

William Jacob 's Gravesande, "Remargues sur le force
deg corps en mouvement et sur le choc; suite de L'Article XIII
du Journal precedent," Journsl Literaire, La Hsye, 13{(1723)
pt. I%ﬂ LOT7=-1132.

Ipid., 407, LOB.

SIbid., 1108,
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regiasts less., Thus bagically, increase agnd decreage of
motion are only different ways of viewing the same change
and thies asugmentatlon and diminution of moftion is nroporw
tional to "force" 2

A body in wmotion acts by its force. The same body
having acquired motion, resists by its inertia (lnertie).
A body does mnot resist while resting but only while it jig
receiving motion; 1t never acts by force while it preserves

its motlon but only while its motion is diminishhg. The

word force which exnresses this power to sct (Pouveir d'agir)

is confused by some "philogophers"” with motion itself

(Mouvement mBms).

Yet there is further confusion present in‘the liter-
aturs., Another kind of action accompanieg wmotion; an infin-
itely small motion or pressure (pression). This, writes 's
Gravesands, had already been discusged in nils 1722 paper.

Tt has sometimes rendered the word "force™ eguivocal in

58

the writings of some philosophers.

6

Inid., LO9.
2

Ibid., L1l.

58Ibid., 131, See 's Gravesande, 1722, op. cit., p. 19,
article V, "Differences entre Pression st Force'. 'l. La
pression est infiniment petite en comparison de la force.

2. L'intensit® de l'action d'une nresgion est oetermmnea,
et depsnd de la pranmeur da lag nrosssion, 1'intensit® de
1'action d'uns force n'est point fixe, et elle dénend de la
resistence cus la force trouve, st cul ceut etre plug or
m01nq crende., 3. Lt'effet total d'une pregsion est indofer-
niné, et depend du tems pendant lequel elle agit. L'effst
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'S Graveszande then rosg on to explain the sense in

which he uses the word "force". In an action carried out
ovar a period of time, two thingss must be consldered: (1)
the gize of the action in each infinitely small motion or

"fnstantanaecug sction' {(action instantanée) and (2) the

aime of the gum of =211l these small actions cor the "Cotal

action" (sction toiale). "When the guestion ls the measure

of force, thst i1a, the compsarison of different forces,
some reople pay attention only %o the "instantansous action®
and others /including 's Gravessnde/ consider the "total

action".59

1S Gravesande explains hils view of the wmeasure of
force as follows: UTstal action ig determined; a body having
a certain degree of velocity...will lose 1% only in producing
a debermined effect which ig always proportional to the

w60

gquare of the velocity .. This can be proved directly

total de l'action d'une force est determing et est le mbme,
quoi que le tems pendant lequel la force azmlt, golt plus

ou moins &tendu. L. La pression dtant un effort, 11 n'y

a point de pression sans action conire un obetacls. La
force est inherente su corps, quol qu'il ne fasse point
d'effort contre un obstacle, st elle demeure ssns alteration
sugsi lonptems gqu'elle n'azit pas 4 surmonter guselque rogsis-~
tance. 5. La pression detrult souvent une pression con-
traire. La force ne detruit souvent une pression contrsire.
La force ne detruit jamais une force contralre, du moins
immediatement.,

S
Tbid., Ll13.

60
Ibid., L13.
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by simnle experiments. If actlon is proportional to
affect, the total action is proportional to the total
effect. If one cslls force the total capacity to aét,

lla capascite totale d'agir/, that ls, to produce an effect,

then it cannot be denied that 1%t is proportional to the

' 1
square of the velocity multiplied by the mass.6 If ocne

uses for the definition of force, "total capacity to act’
or to produce an effect, one sess that the capacity to
produce an effect 1g preportlonasl %o that effect, and thus

to 2}XE.E)B

Trose who have denied this msasure of force, says
s Gravesande, have not pald etfention to the sense which
he, 's Gravesande, has given to fthe word "force". They
heve used it in another sense, saying that one must uce
the time during which the action lests iIn determining the
offect., It is in determining the "instentaneous action“,
that it is necesgary to toke the time into account. There-
fore by "force", these critics really mesn "instantansous

action! "pather thsn'"totsl action.” They say that "force'

ig proportional tc the velocity multiplied by the mass,

61
Of. 's Gravesande, 1722, v. 20, "L'action de la

force etant sgale & la force que le corps perd par cstte
action, il est clair que les forces sont égales, dont

les sctions tohales ne different pas; ef en general gue

les forces sont en raison des ections, par lesguelles elles

ge consument entirement," 4+..."Prop, VIII, Vans les corps

¢paux les forces sont en raison des cusrrez ce leurs vitesses,"

6
2Ibid., 113, Lk,
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and they add that a body of which the velocity ls double
and has the capacity to act during a double time, will
produce a qusadruple effect. If the veloclty is triple,
the body has the power to act during a triple tlme before
haeving lost all its force. That 1s why the effect 1is
increaged ninefold,

Hewever the two views can be reconciled., It 1s
sasy to see that the "total action" follows the proporitlon
of the ”instantaneo%s action” multiplied by the tims during
which it acts. [mzj‘§$7 Thus if while increasing the velo-

&

city, ons increases in the same ratio the instantaneous
action /mv/ and the time /t/ that the sction lasts, 1% 1s
clear that one increases the total action in the "double
ratio” of the velocity, Kmy?7_ "Phus thoée who say that
force when acting with equél masges 1s as the velocity,

if by the word force they mean the capacity which produces
Bingtantaneous action', say the same thing as those who
maintain that force follows the square of the veloclty

/meaning/ +the total capacity (le ocouvolr total me??@hich

produces the total action,”
"Tnetantaneous sctlon” is infinitely variable; total
ackion is determined., Cne csn conceive the time during

which the action lasts divided into an infinite number

637p14., L16.
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of small perts each of which is multiplied by the "instant-
ancous action™ during this moment. The total sum / T mvat/

of all these small products 18 the same, no matter in what

t

way the "iinstantaneous force " has been varied. This sum

ig proportional to the "total Jﬁ‘or*ce“.éLL

In these pesssageg 's Grevesande appears to be making

a statement similar to that made by *pibniz in his "Specimen

e aey 65 . .
Dynamicum™ (1695). 'S Gravesands's "instantaneous action"

Beala

L

is expresssd guantitatively by mv. 1ts integral over the

time during which the sction lasts gives the "totel force",

2, E v 2
my [l.e-,mo vdt = m J dg dt = ms or mv .,

1S Oravesande continues: "Those who wish to defend

the ancient opinion (l'ancien sentiment) on the measure of

6l
Ibid., 417,

65Cf. Leibniz, "Specimen Dynamicum'" (169%) op. cit.,
Lengley, 673. '"Impetus is the product of the masgs of the
body into the velocity, snd ite quantity is so much that
the Carteslans are wont to call it the guantity of motlon,
namel.y, the momentary increment (momentensam), although,
speaking more accurstely, the quentlty of motlon itself,
exlsting forgooth in time, arises from the aggregate of
the impetuses (equal or unegual) existing in the moveable
slement in the given time multiplied in order into the tims.
We nevertheleses in dlecussing with these have followed
their faghion of svesking....as we may distinguish the.
prosent descent from the descent already mads, which 1%
increases; go we can discern end call Motion the momentary
or instantaneous element of motion diffused by the motion
itself through a period of time, and so that which is
commonly ascribed to motion is called the guantitv of
motion.," For a discussion of this see Ch. IIL, p. 94,
snd note 38,
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foreeé..,.. €ay that to nave the "Force" of a body, it 1s
necessary to multiply its mass by 1fs velocity.égﬁftand
that to have the total effect i1t 1s necesgsary to multiply
the Force by the tims that the actlon lasts vaj§dt7.“66
I+ would appear in these psssages thst 's Gravegande is
following Leibniz's statement that "the calculation of
wmotion cerried out through time is integrated from an infin-
ite number of impetuses.lgg7.”6? Although there is confusion
between weight and mass in the equivalency of ms to mig,
's Gravessnde geems to bé abttewpting to take the sum or
intecral of dead forces through tims, cobbaining living
force as a result. This procedurs is not exactly legiti-

mate. The expression ms should be mgs if it 1s to be

2 68

2
equivalent to mv , Technically mg is equivalent to It

If dead force is integrated over a space one obtains:

g
s &

1]

2

E

pev

v
dg = jmvdv = % nmy
o

ot

or living force, If dead force, mdv/cdt 1s integrated througn

i@
o

time the result ls: gt v _ o .
ol =T at = 4 mdv = mv Thus it

would sppear that if 's Gravessnde's "instantaneous force™
28 interpreted as dead force then ifts integral through ftlme

could be taken as living force when the confusion betwesn

61014, , 117,
5T Loonksr 2, Tlé.

68 -
See Introduction, this dissertatiocn, p.g,



228
mage and weight is allowed for. '3 Gravesande at first
glance gcemg to be distinguishing - momentum from living
force and‘saying that both measures of force have their
own vallidity. On cloger ihterpretation however hs
actually sopears to be relsting dead snd living force
while at the same time comfusing dead force with the
"ancient system of measuring force™, mv,

Continuing his argument 'sGravesande writes that
in the case of balle of masses (masseg) in the inverss
ratio of the sqguares of thelr velocitles e.g. 41, when
the velocities are 2:1 falling into soft clay, the times
/of fali/ are as 2:1. But the body whose Faltl-- is the
most repid takes the.least time to impress itself. Thus
"when the impressions themselves are equal and similar,
the times Zneeded forrthe balls to impress themselves/ are
in the inverse ratio of the velocitiles." Multiplying each
mass (4:1) by its velocity (1l:2) one has k4 and 2. Again

multiplying each mass by the time necegsary for impression

(P:+1) the result is 8:2 or lL:1 for the ratio of the "effects®

Again consider the case of two right cylinders moving
along the direction of thelr axes; in colliding directly
with goft clay, they lose their motion and sre 1lmbedded in
i%, If their masses are equal the times will be as theilr

velocitiss. The total effects (les effets entiers) which

9
Tbid., 418, L19.

69
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are always as the squares of the veloclities when the masses
are egual will in this case be as the products of the vel-
ocities by the times, Zgﬁ?. Tn this particular case the
"ingtantaneous action® is ag the velocity, v. If this were

the only case the dlspute would be reduced to a digpute of

words, /une digpute de mots/, Here those who say force 1s

ss the velocity would conform to experience just ag would
those who say that force is as the square of the velocity.

One must only ovay attention to the meaning given to the

word "forca".70

Let us pass on to that regarding collision., 1

have spoken at length in the essay ingerted in

the twelvth volume of this Journal; I have treated

it amain at length in the second odition In I of

my physicg.,.but in the second edition in 8. which
anpeared last yesr I have added some new clarifi-
cations... /es to/ why in collislon Force never
destroyvs Force ilmmediately; and that by the singls
axamination of the nature of collision, one <an
demonstrate that it is contrasdictory that two

unegual bodies having contrary motions rest qulescent .
after coliision if their forceg are not unequal...
Tnia obscurity is csused because in the Hsgay which

I just wentioned, I have spoken asg if there is a

real distinction between force snd Inertia which 1s
only relstive. If one wishes to taks the troubls

o look at one of these writings one will sea...

that in regard to impact there 1g no more than a
dispute of words {une disputs de mots) with those

who gay that force is proportional to mass multiplied
by velocity. Ffor if ons pays a little attention to
the method of reasoning on collisions, one will easgily
Cgee that by the pPOd&ctﬁof*tng‘masé and the. veloclty
they.understahd-theatotalufo$fe without payling atientlon
to the instantansous actlon.

7OIbid., 419.

7
Tbid., Lo7, L23.
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"In beginning the writing of this egsay,"” concludes
‘s Gravesande, 'my purpose was not limited to the clarifi-
cations just seen: I propored in my turn to attack the
Defenders of the ancient System of measuring force /i.e.
mﬁ7; I ¢all it ancient in opposltion to the new, but I
changed my mind. I am afraid I have created the occasgion
for new disputes and thig is the style of writing which I

72

naturally dislike."

In this anslysis, 's Gravesande has characterized
the controversy as a "dispute over words" in which mv is

a measure an "instentaneous force', and mxg 1g the effect

of a force or its total capacity to sct., Although he

attempted to distingulsh mv and ggg and to show that both

had their own validitv, he seems actually to be relating
dead force to living force.

In 1733, 's Gravesande wrole an answsr to an anony-
moug article, actually written by the Swiss mathematiclian
Csalandrin,who hed criticized his impression experinent, by
gsaying that the force lost was proportional to the change

73

in momenbur. 1S Gravesande's replyTEas been thoroughly

72
Toid., 432.

3Anonymous {Jean=Louls Calandrini), "Dissertation
sur la force des corns,” J. Hist., Republ, Tettres, 2

(1733) 230.

TH‘S Gravesande, "Wouvelles experisences sur la force
des corps en mouvement,' J, Hist. Hepubl. Lettres, 3{1733) 381.
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discussed by Thomas iHankins in his "Bighteenth-Century

Attempte to Resolve the Vig Viva Controversy", and will

75

not be enalysed hera. The issus concernsd s cylinder
gtriking a clsy gurface. lHankins wrltes:

He ('s Gravesande) denied that squal amounts of "force"
are consumed in equal times. The cylinder is moving -
faster when it first strikes the clay and conseguently
it pushes more clay out of the way during the Tirst
instant than during any later instant. If the reslis-
tance of the clay is likened to a serles of gtrings
thst are broken by & moving objsct, mors strings are
broken per unit of time while the object is moving
rapidly then in an equal unit of time when the objisct
is moving more slowly. 'HEt can be seen thet 1in order
to compsre the efforts of two pressures in eqgual times,
it 18 necegsary to fteke into account both the pressure
and the speed of the points or surfaces belng struck;
gnd it is only by multiplyving the intensity by this
snoed that one ls able to deftermine the effort."...

In other words, to get the effect of the "force of
motion™ it is not enough to consider the forcs alone.
It is slso necegsgsary to multiply it by the veloclty
with which fthe object movaes, since the fester 1t moves
the more obstacles it will encounter if the resisting
medium ig uniform.... 's Gravesande i1s saying thet

the "force of motion" is the "intensity of the preasurel
multivlied by the increment of time and by the velocity,
ovds; but vdt = dx (the increment of ,distance covered
in time dt), so §ovdt = Spdx_ = kv~©,

...'s Gravegande was not dogmatlic sbout his theory.

He reslized that those who measured the force of motion
in snother way werse measuring a different thing snd he
concluded his articles by saving again that the word
"foree' ig smbiguous: 'Let sowsone gilve another sense

tn the word 'force'; Let him say that this other sense
38 more natural. I do no%t oppose that: all 1 wiegh to
ineist on is that what I call force ought to be messursed
by the nroduct of the mass and the square of thne velocity.
By regarding force in another w%y, one can admit of
another measure.'(Ibid., 396.)7 .

75

Thomas Hanking, op. cit., 259-290.

T ankine, 290-291.
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Here ithen i1s additional evidence that 'g Gravesande
believed thst both measures of force had thelr own vslldity

and sphere of applicabllity.

Conclusgicn

Since physics is an experimentally verifiable science
one mipght expect thet a controversy betﬁeen two theoretical
measures of force could bs resolved by performing the proper
experiments. TPernaps this would have been the case had only
one of the two measures been valid. However since both gy
and ﬁx2 each had their ares of applicability, experimentaftion
only served to enhance the dilemma and deepen the confusion.

The reason Tor this situation was that :baring
other misconceptions over quantitative definitlons, thosge

. . . 2
experiments designed to Justlfy mv  gsucceeded in so doing,

while those performed to verify mv likewlse proved the
iatter's validitv. /For example, Polenl and 's Gravesande
on free fall, and 's Gravesande's initlal experiments on
impact (1718)7. The real difficulties arose when the proi-
sgonists for one measure tried to interpret in thelr own
terms, the exporiments designed to prove the opposing cage.
Thug Poleni's and 's Gravesande's sxperiments allowing balls
fglline from different helghts to gtrike soft clay were
variougly construed ag an entirely different but equally

valid experiment. For example 1t became a case of dster-
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mining the resistance of soft substances to hodies moving
through them (Fames) or 2 case proving the dependence of
force on the time of fall whether through the eir {Desagu-
lierg) or through the coft clay medium (Pemberton).

The problem of inelastic collision and the conser-
vation of vis wviva was still a problem despite 's Grave-

sande's ingenicus method for finding the forcs lost. Thise

wag because 's Gravesande did not insist on congervation

) .
of vis viva but only on mv a9 4 meagsure of Torce. Others

howsver gsuch as Kgmes and Clarke assumed that 1f mv Was

the measure of force, it ought to be conserved in all cases
including inelastic impsact. |

Samuel Clarke's snd Issac Newbton's contsributions
egtablish the pogition of the Newtonians in the controveray.
This wlll be reflected in Maclaurin's contribution (1721,
see Ch. VII) Thelr work raises the guestion of whether
force, by whetever measure, is conserved at 2ll in the uni-
verge. This argument hsedé a religious foundation: was a
God who intervened in the workings of the world more or
less powsrful than one who initially created a perfectly
operating universe?

Clarke and ﬁewton however brought additional con-
Tusion to the controversy W equeting the vgrietion of
velocity and force over the space traversed in free fall,

with a veriafion in the force of gravity. HFrom this they
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deduced a variation of the body's welght as it rose or
fell. |

Finally out of the debris resulting in part from
nig chance of mind, 's Gravesande arrived at the begin-
nineg of a synthesis of the fwo points of view. Ie recog-

nized the equivocal use of the word "force" and ftried %o

2
show that mu and MV had different meanings and uges.

The controversy ag it took place in Ingland a8 a
reection to the work of Foleni and 's Gravesande is in
keeping with the ftendencles of British selentists toward
an experimental and empirical approach to natural phil-
osophy and with the chilosophical emplriclamn developling
in Englend during the eighteenth century. It further re-
flects the influence of Newtonlan physical science and its
fairly early teaching in British universities,and the

interest of the Hoyal Society in experimental studies.



