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Abstract. Sufficiency conditions for local stability are derived for a class of 
density dependent Leslie matrix models. Four of the recruitment functions 
in common use in fisheries management are then considered. In two of these 
oscillating instability can never occur (Beverton and Holt and Cushing forms). 
In the other two (Deriso-Schnute and Shepherd forms) undamped oscillations 
are possible within the region of parameter space described here. An algorithm 
is developed for calculating necessary and sufficient local stability conditions 
for a simplified form of the general age-structured model. The complete 
spectrum of stability states (monotonic stability; monotonic instability; oscil- 
lating-stable; oscillating-unstable) and the bifurcation periods are given for 
selected examples of this model. The examples cover a large portion of the 
parameter space of interest in resource management. It is shown that in 
perfectly deterministic systems which are observed with error, oscillating 
instabilities may be missed, and such systems could be erroneously assumed 
to be stable. 
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1. Introduction 

The concept of autoregulated equilibria in animal population models has had 
considerable application in contemporary ecological research. However, elemen- 
tary models previously thought to be useful for summarising, simplifying and 
interpreting ecological data have been shown to be capable of quite extraordinary 
dynamic complexity (May and Oster (1976)). The mechanics of this complexity 
has been explored in detail by May (1976) and others, for some selected, 
analytically tractable examples. Briefly, as parameter values change, equilibria 
of very simple single species population models may undergo an initial bifurcation 
from being stable to being unstable. In the non-delay discrete case, the first 
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bifurcation usually results in a stable two cycle. As parameter values are changed, 
the two cycle might bifurcate to a stable four cycle. Repeated bifurcations can 
be made to occur, until at some point in parameter space there are no stable 
periodic attractors. In this region the dynamics are termed chaotic. 

Even if an equilibrium is locally stable the dynamic behaviour in the region 
of this equilibrium can be diverse. It is possible to classify the return paths into 
two categories; either damped oscillatory behaviour, or geometric, monotonic 
behaviour. In this paper we focus on the conditions which are necessary for 
oscillating instability to occur and on classifying the region of stability as either 
damped oscillatory or monotonic geometric decay. 

Papers by May et al. (1974), May (1976), May and Oster (1976), Levin and 
May (1976), Clark (1976), Goh (1977), Botsford and Wickam (1978), Levin and 
Goodyear  (1980), and Fisher and Goh (1984) deal with mathematical definitions 
of the conditions required for oscillatory instability. In Levin and May (1976), 
the local stability region of parameter space is classified according to whether 
behaviour is oscillatory or monotonic. The above papers cover a wide spectrum 
of population models. The purpose of this paper is to develop the local stability 
analysis for discrete populations with age-structure. Thus, in contrast to 
researchers concerned with chaos, we do not venture beyond the threshold into 
the region of instability. From our experience in analysing and computing the 
dynamics of these models we believe that the conditions at the bifurcation 
threshold are informative above what happens in the unstable region. Bifurcation 
periods are thus presented as plausible first estimates of the fully non-linear 
periods of oscillation. 

Although there is a substantial review component in this paper, new results 
are reported. These are the delineation of sufficient stability conditions for a 
density dependent form of Leslie's (1945) model for four different recruitment 
functions, and the necessary conditions and an algorithm for determining the 
stability state and bifurcation periods of Deriso's (1978) model with arbitrary 
delay. In the case of Deriso's model the stability conditions are both necessary 
and sufficient; numerical results are given for a wide range of parameter values. 

Our analysis of Deriso's model subsumes the earlier work on special forms 
by Clark (1976) and Levin and May (1976). Whereas Clark's analysis considers 
the effect of adult survivorship and time delays on stability, the analysis of 
Deriso's model clarifies the consequences of adult growth rate when fecundity 
is proportional to body size, as occurs for several fish populations. 

Oscillations in population abundance are important in the management of 
marine and many other resource systems. When these oscillations are periodic 
then special management regulations may be needed. To determine whether 
sustained oscillations occur in a population, the stability properties of equilibria 
are assessed by evaluating the slope of the recruitment function at these equilibria. 
If  state variables such as recruitment levels and adult population size are measured 
with error, then estimates of the slope of the recruitment function are likely to 
be biased. We present an analysis, using results from Waiters and Ludwig (1981), 
which indicate that systems which are indeed dynamically unstable may frequently 
be erroneously classified as deterministically stable. This problem deserves 
cognizance in the field of resource management. 
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We begin by describing the most general form of the demographic models 
treated here. 

2. A discrete demographic model 

The most general model considered here is a discrete age-structured population 
model in which non-linearities only occur in the first year survivorship. This 
model has been widely used in fisheries management (Getz (1980, 1988), High- 
tower and Grossman (1985), Levin and Goodyear  (1981), Reed (1980)) as well 
as other population harvesting problems (Fowler and Smith (1973), Getz and 
Haight (in press)). 

We define the population vector )V(t + 1), where 

[Nl ( t ) \  
l~( t) = l N!( t) ) . (1) 

The entries Ni(t + 1) represent the number of individuals at the beginning of year 
t which are i years old. Let the population matrix be A, so that 

/~r(t + 1)= A~r(t).  (2) 

We assume that the number of fertilized zygotes produced at the beginning of 
year t, No(t), is a weighted sum of the number of individuals aged 1 year and 
older, i.e. 

No(t) = ~ b,~(t),  (3) 
i l  

where bi are the number of zygotes produced per adult individual, assuming a 
monoecious population (or female zygotes produced per female if we only model 
the female portion of the population). The zygotes in Eq. (3) are assumed to 
experience both density-dependent and density-independent mortality in their 
first year of  life. We let the first year survivorship factor be a nonlinear function, 
oh(No(t)), where 0 < qS(No(t)) < 1; ~b(0) = 1, and d~(x)/dx < 0 for x > 0. The first 
year density-independent survivorship factor is So. Total survivorship is a product 
of density-dependent and density-independent survivorship, so that 

Na ( t + 1) = So~b ( No( t ) ) No( t ) (4) 

and for ages other than the first year, survivorship is density-independent. That 
is 

g i+l (  t ~- 1) = s iNi(  t ) (5) 

where si is the density-independent survivorship factor for age class i. A now 
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has the explicit form 

b,so4a(No(t)) 
S1 

A= 

b2soO(No(t)) 

S 2  
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�9 "" b.-lso~b(No(t)) b.so~b(No(t)) 

Sn -- 1 0 

(6) 

Define li = sosls2" " " Si--1, which implies that 11 = S o. From (5) it follows that 

li Ni( t )=(  Nx( t - i+  l) (7) 

Substituting Y~i"--1 biNi(t) for No(t) in (4) gives 

gl( t+ 1) = so b~N~(t)4, biN~(t) . (8) 
i = 1  i 1 

Then substituting (IJll)N~(t-i+1) for Ni(t) in (8) gives 

Nl(t+l)=s~ bi~ Nl(t - i+  1)~b( ~i n i bi~Nl(t-i+l))li 

( " b i~Nl( t -~= I1 ) = _  b~liNl(t-i+l)d~ i+1)  , (9) 
i = 1  i 1 

The dynamics of N~(t)are  completely described by the maternity schedules, b~li, 
the value of l~ and the function ~b. Therefore, since b~ and s~ only appear as a 
product, high values of adult mortality and fertility could produce the same 
dynamics as low values of adult mortality and fertility. 

For our analysis it is convenient to define the reproductive value Ro, 

Ro = ~. b i l l  �9 
i = l  

We now examine the stability of models of form (9) for some special cases of ~b. 

2.1. Stability results 

Suppose ~/* is an equilibrium solution. Then it follows from Eqs. (4), (7), (8) 
and (9) that the equilibrium zygote level satisfies 

N*o ~( N*o ) = S*o/ Ro. (10) 

In the plot of Noc~(No) versus No shown in Fig. 1, the line passing through the 
origin with slope 1/Ro is termed the replacement line, since in the linear model 
(&(No) = 1) it corresponds to each individual exactly replacing itself throughout 
its life. The equilibria for the non-linear model are the points of intersection of 
NoCb(No) with the replacement line No/Ro (Fig. 1). 
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Fig. 1. Example of a concave stock-recruit 
relationship, as a plot of No&(No) vs. No, 
showing the replacement line and the 
equilibrium point 

Stability in discrete population models 

] 

S~ 
No 

Local stability for the demographic model shown in the previous section is 
assured if the eigenvalues of  the population matrix linearized around the equili- 
brium _N-* all lie within the unit circle. The characteristic polynomial  for the 
linearized population matrix is developed in Levin and Goodyear  (1980). In 
terms of our notation, it is 

d n 

[No&(No)]lNo=SZ ~, A-'bili = 1 (11) dNo i = 1  

i.e. the familiar Perron equation. The Perron-Frobenius theorem puts bounds on 
the modulus of  the dominant  eigenvalue, if the population matrix is non-negative; 
i.e. if the coefficients of  h -i in (11) are all zero or positive, the terms b~li are all 
positive. However,  d [ No 4) (No) ] /dNo could be negative at equilibrium. Therefore 
the Perron-Frobenius theorem is limited to cases where the slope of the recruit- 
ment function at equilibrium is positive. I f  the slope is positive, then the dominant 
eigenvalue is real and positive. The upper  bound on the size of  this dominant 
positive eigenvalue, A, given by the Perron-Frobenius theorem, is (Reed (1980)) 

A <d-fl-~o [Noe(No)]INo=N~Ro. (12) 

A matrix result due orginally to Minc and Marcus (1964) and cited recently by 
Reed (1980) extends the Perron-Frobenius result to negative matrices, placing 
bounds on the modulus of  the dominant  eigenvalue. The dominant eigenvalue 
could be real or complex, and the bounds on its modulus are 

]AI o - (13) < d--~[No6(No)]lNo-N~ Ro. 

For the modulus of  the dominant eigenvalue to be less than unity, we need the 
condition 

~No [No6(go)]]  No= N~ 1 < - -  (14) 
Ro 
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to be satisfied, which is equivalent to 

1 d 1 
- - - <  [N0d,(No)]l No=N~ < ~o. (15) 

Ro dNo 

These are sufficiency conditions only, since the left-hand inequality can be violated 
and the system may nevertheless be locally stable. 

If No&(No) is some generally concave function of No which passes through 
the origin (see Fig. 1) then there will only be one equilibrium point. In this case 
it is not geometrically possible for the slope of Nof)(No) to be both positive and 
steeper than the slope of the replacement line at equilibrium, i.e. the right-hand 
inequality of condition (15) cannot be violated. This can only occur if the 
recruitment function becomes convex, in which case the equilibrium state is 
unstable. Thus for functions No(o(No) which are both positively sloped and 
concave, instability is mathematically impossible. 

For example, two well known recruitment functions are the Beverton and 
Holt (1957) and Cushing (1973) functions familiar to fisheries biologists, that is, 
respectively 

soNo 
N I - - -  k > 0  (16) 

k+No' 

and 

Nl=soN~, 0</x  <1.  (17) 

Both these functions are concave in terms of their arguments (i.e. the second 
derivative is negative). Both have strictly positive derivatives for positive argu- 
ments. Thus condition (15) is never violated and instability cannot occur. 

Consider next the Deriso-Schnute (Deriso (1978), Schnute (1985)), and Shepherd 
(1982) recruitment functions, which respectively are 

N 1 = s o N o ( 1  - ~//~No) 1/7 (18) 

and 

soNo 
N 1 - ( 1 9 )  

I+(No/K) ~" 

Special cases of the Deriso-Schnute equation are the Ricker function ( y = 0 ) ,  
the Beverton and Holt function (y = -1) ,  and the logistic function (7 = +1). The 
best known special case of the Shepherd function is the Beverton and Holt 
function, u=  1, mentioned earlier. When u = 2  the Shepherd function has a 
Ricker-like shape (i.e. it approaches 0 asymptotically as No approaches infinity 
- -  Shepherd (1982)). 

The derivatives at equilibrium for the Deriso-Schnute and Shepherd forms 
are given below 

Deriso-Schnute: 

dNl _ /1 [ l _ l [ ( R o ) ~ _ l ] ] .  (20) 
dNo No=~ Ro y 
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Shepherd: 

dNl  ll 

The equilibrium values of No are 

Deriso-Schnute: 

Shepherd: 

1 1 

557 

(21) 

(22) 

1 
-1  < 1 - -  ((Ro) ~ - 1). (24) 

3' 

/2 
- l < l - v + - -  (25) 

Ro" 

We deal first with the Deriso-Schnute form. If 7 is positive then the sufficiency 
condition for stability and simultaneous biological realism becomes 

1 < Ro < (1 + 2y) I /L  (26) 

There is a region of stability for all positive_y (since (1 + 2y) 1/r > 1 for all 7 > 0). 
If y is negative, then, letting a = - 3 ,  stability is guaranteed if 

1 
1 - 2a  < (27) 

(R0) a" 

This always holds if a > �89 (i.e. 3' < -�89 regardless of the maternity values bili. For 
0 < a < �89 the simultaneous requirement for biological realism and stability is 

1 < R o <  ( 1 - 2 a ) - ' / %  (28)  

However, for 0 <  a <�89 1 / ( 1 - 2 a ) l / a >  1 and so from (28) there is a region of 
stability. 

In the limit as a ~ 0, (28) implies that biologically meaningful (i.e. where a 
positive e~luilibrium exists) instability is only possible if 

R 0 > e 2 (29) 

(thereby extending the result obtained by Levin and Goodyear  (1980)). 
Similar reasoning gives some insight into the stability conditions for the 

Shepherd function. For 0 < v < 1 the derivative at equilibrium is always positive, 

Shepherd: 

Deriso-Schnute: 

N *  = K ( R o  - 1) 1/~. (23) 

Both functions thus require that Ro> 1 for biological realism. If v is negative, 
the Shepherd recruitment function is convex; therefore we consider only v/> 0. 
Placing the derivatives into the matrix condition for stability (15), but considering 
only the left-hand side, gives 
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thus stability is guaranteed. For 1 < v < 2 the derivative at equilibrium is not 
necessarily positive, but 

/., 
- 1  < 1 -  v + - -  (30) 

R0 

is always satisfied and stability is still assured. This condition guaranteeing 
stability can be written as 

/., 
- - .  (31) R ~  v 

As v ~ 2 from below this condition implies that stability occurs regardless of the 
value of Ro. However for v > 2 the condition tells us nothing about stability. 

The situations of interest for further analysis are those cases where instability 
is possible. These are the cases 3, > -�89 for the Deriso-Schnute function and v > 2 
for the Shepherd function. 

The local stability conditions given above only define a region in which 
stability is guaranteed; not the precise point at which bifurcation occurs (i.e. the 
mathematical conditions are only sufficient). A relatively straightforward 
definition of the transition point can be achieved by working with simplified 
versions of demographic models. As will become apparent, use of aggregated 
models also makes it easier to describe, in addition to points of bifurcation, the 
subdivision of the stability region according to whether such stability is monotonic 
or oscillatory. 

3. Aggregated models 

In subsections 3.1 and 3.2 we review and synthesize results obtained by  Deriso 
(1980) and Schnute (1985). New results appear in subsections 3.3 and 3.4. 

3.1. A general aggregation growth equation 

A simplified demographic model can be derived if fecundity beyond age-at 
maturity, z, satisfies the difference relationship 

bi+l -~ Clbi q- c2bi_l. (32) 

In this Eq. (32) there are two constants, Cl and c2, and two initial conditions, by 
and b r _  1 . At this stage Eq. (32) should be viewed as a flexible ad hoc regression 
equation for describing observed fecundity-at-age levels, subject to four regression 
variables (see Schnute (1985) for details). 

Define 

Bt= ~ wiNi(t) (33) 

where wi is the average weight of an individual aged i, and z is the age-at-maturity 
(i.e. b ;=0 ,  i =  1 , . . , ,  z - l ) .  Then Bt is the biomass of the breeding (adult) 
population at time t. (The reader should note that the time variable t appears in 
the subscript position for the gross biomass variable B, while the subscript i in 
N~(t) still refers to age class. Both i and t, however, have the same units of time). 
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If  individual fecundity is proportional to individual mass, which is often the case 
for mature fish, 

bi = Kwi ,  i = % . . . ,  n (34) 

where w~ and K are respectively individual mass-at-age and a proportionality 
constant, then growth follows the same model as fecundity changes. Therefore 
No(t), the egg production variable, is proportional to population biomass, since 
from (3), 

N o ( t ) : K  ~ wiNi(t). (35) 

A conservation of mass statement for n -> co is 

oo co 

B,+~= ~ w,N~(t+l)= ~ wi+lNi+l(tq-1)q-wr162 (36) 
i = z  i = r  

If  adult survivorship, s, is independent of  age or year (i.e. N~§ 1) = sN~(t), 
i = z , . . . ,  ~ )  then Eq. (36) can be rewritten as 

co 

Bt+~ = s E w,+lNi(t)+ w~N,(t+ 1). (37) 
i = r  

Substitute [ClWi+ c2wi-~] for w~+~ to obtain 

oo oo 

Bt+l=cl s • wiNi(t)"[-c2s E wi-lNi(t)+w~N~(t+l).  (38) 
i = ' r  i=~" 

If we now replace N~(t) in the second summation term of (38) by sN~_~(t- 1) 
and use expression (33) we obtain 

B,+l=C~sBt+c2s2B,_~+c2s2w,_lN~_~(t-1)+w~N~(t+l). (39) 

From (3), (7), (8) and (9) note that 

N~(t+ 1) = l~No(t- r+ 1)~b[No(t- z +  1)] (40) 

and 

N r  1 ( t - l )  : t~_lNo(t-z)dp[No(t-7")]  (41) 

where r is the density dependent egg survival factor and l, is density 
independent survivorship from the age of  zero to exactly z years. Since No = rBt, 
then by defining 

~b(B) = Kth(KB). (42) 

Equation (39) can finally be expressed in the form 

Bt+l = ClSBt + Czs2B,-1 + c2sZl~--lWT_lBt-~-~Y( Bt_.r) + l~w.B,_~+l~( Bt_~+l). (43) 

We do not describe the stability conditions for the model in this form. The 
formulation as it now stands (which is inspired by the special case derived by 
Deriso (1980)), however, is a useful extension of  the Deriso model. Note that 
there are only 4 delay variables on the right-hand side of this equation (i.e. Bt, 
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Bt-1, Bt ~ and B,-,+a), compared to n for the disaggregated model (2). Th is  
reduced parameter  space is of  considerable importance for the regression analysis 
of  observed data, since excessive parameterization causes a reduction in estimator 
efficiency. 

3.2. The Schnute and Deriso forms 

With fecundity proportional  to body mass, (32) can be expressed in terms of w~, 
as follows 

Wi+l = ClWi Jr" C2Wi 1 .  (44) 

This equation has an equilibrium solution w* if and only if c1+ c2 = 1. Let 
p = ca - 1 = -c2.  Then the characteristic equation associated with (44) is a quad- 
ratic, A 2 -  (1 + p))t + p = 0, which has roots )t = 1 and A = p. Therefore w* can at 
best be marginally stable, when Ipl ~ 1. I f  we restrict ourselves to cases where 
(44) has an equilibrium (that is w~ does not grow without bound),  then (44) 
becomes 

wi+, - wi = p( w, - w,_,). (45) 

To rule out the possibility of  decreasing body mass with increasing age, i.e. 
shrinking, we require p ~>0. Thus, if there is to be no shrinking, and if the 
equilibrium body size is to be marginally stable, the necessary bounds on p are 

0 ~< p ~< 1 (46) 

(see Schnute and Fournier (1980) for further details). Equation (45) is known 
as the Ford growth equation, and p is known as the Brody growth coefficient. 
Substituting 1 + p for Cl and - p  for c2 in Eq. (43), the population model becomes 

B,+ 1 = (1 +p)sB~-ps2B,_~-ps21r162162 lr162 ,+10(Bt_r (47) 

This result is identical in form to Eqs. (2.7) and (2.9) (p. 420 of Schnute (1985)). 
Deriso (1980) makes the simplifying assumption that wr Therefore the 
Deriso model is 

B,+~ = (1 + p )sB, - ps2B,_~ + 1,wr162 Bt-r (48) 

The classification of the behaviour of  solutions to the Deriso model in the 
neighbourhood of an equilibrium will be described here, but first we define the 
equilibrium state of the model and the characteristic equation at equilibrium. 

From Eq. (48) it follows that the equilibrium population biomass for Deriso's 
model, B*, is 

B* = ~ - 1 [ ( 1  - -  S)(1 -- ps)/I ,W,] (49) 

provided that the inverse function 0-1( �9 ) exists. I f  p > 1/s, then ( 1 - s ) ( 1 - p s )  
is negative, which implies that recruitment is negative. Therefore, for the equili- 
brium to be positive, it is necessary that p < 1/s. This constraint, however, is 
already satisfied by (46). The characteristic equation for the Deriso model in the 
absence of human exploitation is 

)t" - (1 + p)s,~'-~ + ps2X'-2 _ D = 0 (50) 

where the variable D is the slope of the recruitment function at equilibrium, 

d 
D = l~w, -~  [B~O(B)]INo=N~ (51) 
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(defining recruitment as the biomass of  individuals aged r years). 
Local stability properties for the Deriso model can be obtained by solving 

for the roots of  the characteristic Eq. (50) and examining their real and imaginary 
parts. 

3.3. Stability of  the Deriso model 

In Deriso (1978), the local stability analysis for a more general version of (47) 
is developed for the four cases T = 2, 3, 4 and z-~ oo. The analysis in Deriso (1978) 
uses necessary and sufficient bounds on the moduli of  roots of  the characteristic 
equation (50) to establish sufficient local stability conditions. These conditions 
are standard conditions for roots of  polynomials of  order n to lie within the unit 
circle, as given in Marden (1966). In Deriso (1978) the bifurcation threshold is 
determined by numerically tracing a path through parameter  space and finding 
the point at which a condition is first violated. 

The above method has the disadvantage that it is not generally applicable to 
other values of T. It does also not lead to direct calculation of the imaginary and 
real parts of  the dominant  eigenvalue on the unit circle. The latter is needed if 
bifurcation periods are to be calculated. 

Here we apply a method which is valid for any integral r value. Since the real 
and imaginary parts of  the dominant eigenvalue on the unit circle are explicitly 
evaluated, bifuraction periods are easily obtained, whereas with Deriso's (1978) 
method, this is not possible. Finally, the analysis permits categorisation of the 
stability region as being either monotonic or oscillatory. 

The stability/instability threshold is a function of the model parameters ~', s, 
p and of the recruitment slope parameter  D. Although we have focussed on 
stability as a function of D, equivalent statements are possible using one of the 
other parameters ~, s, p as the operative variable. 

An equilibrium is stable if  all the eigenvalues of  the system linearized around 
this equilibrium have moduli less than one. Within this regime of stability, if the 
dominant eigenvalue is real and positive, then the behaviour of  the population 
as it returns to equilibrium following a disturbance is primarily a geometric 
(monotonic) decay, although the subdominant  complex roots will cause some 
oscillations. I f  the dominant  eigenvalue is negative, or complex, then the popula- 
tion oscillates as it approaches equilibrium. Instability sets in if the modulus of 
an eigenvalue exceeds 1. I f  a real eigenvalue exceeds 1 then the population will 
move away from the equilibrium in a predominantly geometr ic /monotonic  
fashion. I f  an eigenvalue decreases below -1 ,  or the modulus of a complex 
conjugate set of  roots exceeds 1, then oscillatory instability occurs. 

The four categories of  behaviour we seek to describe here are thus monotonic 
instability, monotonic stability, damped oscillations (stable) and undamped 
oscillations (unstable). 

In order to describe the stability thresholds for Deriso's model, we identify 
conditions when the dominant  eigenvalues lie on the unit circle. However, since 
the coefficients of  h-1 for the Perron form of the characteristic equation 

(1 + p)sA-1 _ ps2A-2_ DA-" = 1 (52) 
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can never all be positive, the Per ron-Frobenius  Theorem cannot  be used to 
determine necessary and sufficient local stability conditions. The fol lowing is an 
extension of  Levin and May ' s  (1976) analysis (in which they determine local 
stability condit ions for a special case o f  Deriso 's  model)  to Deriso 's  model.  

3.3.1. Transition f rom monotonic instability to stability. We factorise the charac- 
teristic equat ion o f  the Deriso model  to obtain 

h ' - 2 ( h  - ps)(h - s) = D. (53) 

When D = 0, either the root  h = s (0 < p < 1) or  h = ps (1 < p < 1/s)  is dominant ,  
since the other  roots are all zero. As D increases, the values o f  these roots change. 
Does  the dominan t  root  at D = 0 remain dominan t  for non-zero values o f  D;  
that is, is it the first root  to reach the unit  circle with a value X = 1 when 
D = ( 1 - p s ) ( 1 - s ) ?  To analyse this quest ion we follow the approach  taken by 
Levin and May  (1976). Before doing so, note that the functional  relationship 
between all the model  parameters  when an eigenvalue lies on the unit  circle 
(when the modulus  o f  an eigenvalue is unity) is described by the real and 
imaginary equat ions which result if X is replaced by e i~ in the characteristic Eq. 
(53), i.e. 

e i~ - (1 + p)s  e ~~ + ps 2 e ~~ = D (54) 

for which the real and imaginary parts repectively are 

cos Or - (1 + p)s  cos O ( r -  1) + ps 2 cos O(r - 2) = D (55) 

sin Or - ( 1 + p ) s sin 0 ( r  - 1 ) + ps 2 sin 0 ( r - 2) = 0. (56) 

Any solution to the imaginary equat ion on 0 < 0 < 7r has a compan ion  on ~r < 0 < 
2zr, since for any solution 0 o f  the imaginary equation,  2r - 0 is also a solution. 
Hence the roots are conjugate  complex pairs. The value D is the same for either 
o f  the roots in the conjugate complex pair. Furthermore,  the periodicity generated 
by a root  with an angle 0 is exactly the same as that  generated by a root  with 
an angle o f  2 ~ -  0 (Appendix  A). Thus, without  loss o f  generality, we restrict 
the analysis to the interval, 0 ~< 0 < zr. 

From the above, all the roots o f  the characteristic equat ion lie within the unit 
circle when D = 0. 

First we observe that  since the modul i  o f  polynomial  roots are cont inuous 
functions o f  the polynomial  coefficients (Marden,  1966), the moduli o f  roots o f  

(53) are continuous functions o f  D. 
Then,  in Appendix  B we show that if D is positive, the solution 0 is an 

increasing funct ion of  D. In  part icular  as D increases f rom 0, the first t ime a 
solution 0 occurs in (53) must  therefore correspond to 0 = 0; that  is the first root  
associated with (53) that  crosses the unit  circle is a real, positive root  (since 0 = 0). 

Also, since a positive D value is an increasing funct ion of  0, for all values 
o f  0 <  R < 1 (where R is defined in Appendix  B as the modulus  o f  a root  o f  
(53)), the positive root  is the first root  to cross all circles with radii between s 
(or ps whichever  is the largest positive root  when D = 0) and 1, as D increases 
(Fig. 2). Therefore the positive root  is dominan t  for all its values between s (or 
ps whichever  is larger at D = 0) and 1. 
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0.001 

Fig. 2. Two examples of D as a 
function of A for h real. a r = 6 - -  D = 000 A4(A-ps)(A-s) ,b  r=5- -  D= 
A3(X- ps)(X- s). In both cases s = 0.5 
and p = 0.5. These two curves are typical 
of all curves (with r either odd or even) 
with respect to the position of the two 

real roots, viz. 0, s and ps, and the 
position of the local maxima/minima, 
viz. two local minimia - -  at D = D 1 = 0 -0.001 
and D = D3 and a local maximum 
inbetween these two at D 2 
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3.3.2. Transition from monotonic stability to oscillating stability. Let f ( A )  be the 
l e f t -hand  side o f  Eq. (53), i.e. 

f ( A )  = A ~-2(A - ps)(A - s). (57) 

Fo r  r />  3 there  are two bas ic  forms,  d e p e n d i n g  on whe ther  �9 is even or  odd.  
These  are i l lus t ra ted  in Fig. 2. F rom this it fol lows that  f ( A )  has a posi t ive  root  
p r o v i d e d  D < D 3 .  This po in t  (D3) marks  the t rans i t ion  be tween  m o n o t o n i c  
s tabi l i ty  and  osc i l la t ing  s tabi l i ty ,  p rov ided  tha t  this posi t ive  root  is d o m i n a n t  
be tween  D = 0 and  D = D3. To show this we need  the fact  that  the modu l i  of  all 
roots  are con t inuous  funct ions  o f  D, and  tha t  when  D = 0 all roots  lie wi th in  the 
unit  circle. Also  f rom A p p e n d i x  B we conc lude  that  when D is negat ive,  then D 
is a decreas ing  func t ion  o f  0, i f  0 < 0 < rr. I f  any  complex  roo t  were to cross the 
circle wi th  rad ius  equal  to the  size of  the pos i t ive  root ,  then  this would  only  be 
poss ib le  at a cross ing p o i n t  for  the  a p p r o p r i a t e  0 value.  But dD/dO < 0 so this 
w o u l d  necessar i ly  have to be for  some larger  negat ive  ( larger  in modu lus )  value  
o f  D. There fo re  the pos i t ive  root  is d o m i n a n t  whenever  it exists. 

Thus the  va lue  of  D at the t rans i t ion  f rom m o n o t o n i c  to osci l la t ing s tabi l i ty  
is the largest  negat ive  va lue  which  still permi t s  a posi t ive  real  root .  There  are 
two cri t ical  values  o f  D for  which  a real  pos i t ive  A exists in Eq. (53); these are 
the local  m a x i m u m  and  m i n i m u m  o f f ( A )  tha t  occur  at Dz and  D3 respect ively.  
F o r  D > D2, however ,  we still have a d o m i n a n t  posi t ive  root ,  therefore  D3 defines 
the va lue  o f  D at which  s tabi l i ty  becomes  osci l la tory.  The cri t ical  po in ts  occur  
at the  roots  o f  the der iva t ive  o f  D with respect  to A, i.e. the roots  of  g(A)  where  

g ( A  ) = T A  r - 1  - -  ( 1  "~- p ) S ( ' 7 "  - -  1)A ~-2+ ps2(r _ 2)A'-3 .  (58) 

The largest  posi t ive  roo t  (i.e., co r r e spond ing  to 03)  is 

A - (l+p)s(r-1)2r ~- [ (1 q- p)2s2(~" - 1 ) 2 4 T  2 ps2(~-2)]  1/2 (59) 

and  the va lue  o f  D at which  m o n o t o n i c  s tabi l i ty  changes  to osc i l la t ing  s tabi l i ty  
is given by  subst i tu t ing  this va lue  into Eq. (53). 
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3.3.3. Transition from oscillating stability to instability. Once a positive root no 
longer exists, the behaviour of the linearized system is dominated by either 
negative real roots, or complex roots, i.e. its behaviour becomes oscillatory. This 
oscillating behaviour is initially locally stable, however at some point in the 
parameter  space oscillating instability sets in. The transition occurs when the 
dominant eigenvalue crosses the unit circle. All roots lie within the unit circle 
when D =  D3 (the dominant  eigenvalue, Ao, lies between s and ps). Again, 
solutions of  the characteristic equation on the unit circle give the values of D 
and 0 where the unit circle may be crossed. It is necessary to invoke the continuity 
of  all moduli with respect to D, and the negativity of dD/dO when D is negative. 

Therefore, as D decreases, the first crossing of the unit circle occurs at the 
smallest absolute value of D defining a crossing point. From Appendix B, this 
corresponds to a root on the unit circle with the smallest absolute value of 0 
apart from zero (0 = 0 corresponds to a real positive root-- this  cannot exist if 
D < D3). 

The transcendental equation for solutions of the characteristic equation on 
the unit circle can be solved numerically, using the imaginary part of  the charac- 
teristic Eq. (56) on the unit circle to obtain the bifurcating value of 0, and 
obtaining D from the real part  (55). We applied Newton's  method to numerically 
search for the solution to Eq. (56) to find the smallest non-zero root 0 of  y(0, p, s, ~) 
for given values of p, s and T, where 

sin TO't-DS 2 sin 0(~--2)  
y(O, p, s, "r) s. (60) 

(1 + p )  sin ( r -  1)0 

The critical values of  D for bifurcation to monotonic instability and oscillating 
instability, and the subdivision of the region of stability between regions of  
monotonic and oscillating stability, are illustrated in Fig. 3a-e, for s = 0 ,  
0 . 2 , . . . ,  1.0, 0 < p < 1 and r = 2, 3 , . . . ,  6. The associated bifurcation periods are 
set out in Fig. 4a-e. 

3.3.4. The cases r =  1, ~-=2, ~-+oc. For both r =  1 and r = 2  the characteristic 
equation is a quadratic function. The quadratic for ~-= 1 is 

A 2 - [ ( I + p ) s + D ] A  +ps2 = 0. (61) 

For r = 2 i t i s  

A 2 -  (1 + p)sA + ps 2 -  D = 0. (62) 

The local stability analysis involves an analysis of  the size of  the two moduli 
corresponding to the two roots of  a quadratic function. Stability categories as 
functions of  model parameters are presented in Table 1. 

To analyse the case z +  ce, consider the sine functions (a) sin 0~', (b) - (1  + 
p)s sin O(z -  1), and (c) pS 2 sin 0 (~ ' -2 )  in the imaginary part  (56) of  the charac- 
teristic equation. They are all zero, when 0 = 0. They respectively return to zero 
when 0 = ~-/r, zr/(r - 1), rc/('r - 2 ) .  The function (a) + (c) crosses zero somewhere 
between zr/~- and ~r/(~-- 2), say at 6~, which is not necessarily the point 7r/(~-- 1) 
at which (b) crosses 0. Irrespective of  whether 6~r is greater or less than ~r/(~ ' -  1) 
and (1 +ps 2) is greater or less than s(1 + p ) ,  the imaginary part  of  Eq. (56) will 
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have a zero somewhere  before the sine functions (a), (b), and (c) all cross zero 
for  the second time as 0 increases f rom zero: i.e. before 2 ( ~ / ( ~ - - 2 ) ) .  Therefore,  
the smallest non-zero 0 solut ion to Eq. (56), say 0s, is bounded  by 2(~r/(~--2)) .  
Since lim~+~ 2 ( T r / ( T - 2 ) ) =  0, then l im,+~ 0s = 0, and lim~+~ cos[n0s] = 1 for all 
finite n. 

From Eq. (B5) (see Append ix  B) we have, on the unit circle (i.e. condit ions 
for bifurcation) that 

!irn D2(Os)IR=I = [(1 - p s ) ( 1  - s ) ]  2. (63) 

Therefore in the limit D could be D + =  ( 1 - p s ) ( 1 - s )  or  D - = - ( 1 - p s ) ( 1 - s ) .  
When  D = D + the characteristic Eq. (53) still has a positive root, so the limiting 
case at bifurcat ion to oscillating instabilities must  be D - ,  i.e. 

lim D(0s)IR=, = - ( 1 -  ps)(1-s). (64) 
, r - ~  

The same result is presented in Deriso (1978. 

3.4. The Allen-Clark model 

A special case o f  the Deriso model  is the case, p = 0, which is the assumption 
that no fur ther  increase in b o d y  mass w~ occurs beyond  the age at which maturi ty 
is attained: i.e. this model  has the form 

B,+i = sB~ + wl,Bt_T+,O( Bt_~+,). (65) 

The local stability propert ies for this model  are discussed by Clark (1976), and 
some results for global stability are given in Fisher and Goh  (1984). Clark cites 
an earlier applicat ion o f  the model  by Allen (1970). We thus refer to it as the 
Al len-Clark  model.  The local stability results obtained for the Deriso model  are 
applicable to this model ,  when p = 0. The fol lowing is a summary  of  local stability 
results for the Al len-Clark  model.  

3.4.1 Transition from monotonic stability to oscillating stability. The first derivation 
is o f  the transit ion point  f rom monoton ic  stability to oscillating stability, assuming 
that the former  transit ion f rom mono ton ic  stability is easily obta ined f rom the 
Deriso model  as a special case. 

By the Per ron-Froben ius  Theorem,  the dominan t  eigenvalue o f  the charac- 
teristic equat ion for the Al len-Clark  model  

A T _ sA ~-1 _ D = 0 (66) 

is real and positive i f D  > 0. Since a real positive root  exceeds unity when D = 1 - s, 
the region 0 < D < 1 - s  is a region of  mono ton ic  stability. However ,  there is a 
region D~ < D < 0 for which there are still positive real roots to the characteristic 
equation. Therefore D = 0 does not  necessarily define the transit ion to oscillating 
instability. When  D is zero, A = 0 and A = s; and D is negative for A ~ [0, s]. 
Therefore the smallest value o f  D which still permits a real positive solution to 
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F i g .  3 a - e .  Critical values of D at 
bifurcation to monotonic instability (lines 
approximately parallel near A), to 
oscillating instabiltity (lines diverging near 
C or apparently from some point to the left 
of  C) and the point of transition from 
mgnotonic stability to oscillating stability 
(lines converging towards B and further 
right) for the Deriso model (48) for 
different values of  the age-at-maturity, r. 
Note that line A for s = 0.0 coincides with 
the upper border of  the figure, and line A, 
s = 1.0, coincides with line B~ s = 0.0 
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Table 1. Stability regimes for Deriso's model for D as a function of  s and p, with r = 1 and r = 2 

r Range Behaviour 

1 D >  1 - ( 1  + p ) s + p s  2 Monotonically unstable 
2 , f  p s  - ( 1 + p)  s < D < 1 - ( 1 + p) s + ps  2 Monotonically stable 
- 2 ~ / p s  - (1 + p ) s  < D < 2x /ps  - (1 + p ) s  Stable oscillations (a complex) 
- 1 - ( l + p ) s - p s 2 < D < - 2 , / p s - ( l + p ) s  Stable oscillations (a negative) 
-1  - (1 + p )s - ps  2 > D Unstable oscillations 

D >  1 - ( l  + p ) s + p s  2 

ps  2 - 1/4(1 + p ) ; s  2 < D < 1 - (1 + p ) s + p s  2 

ps  2 -  < D < ps  2 - 1 / 4 ( 1  + p)Zs2 

p s Z -  l > D 

Monotonic unstable 
Monotonic stable 
Stable oscillations (~ complex) 
Unstable oscillations 

the characteristic equation must be a critical point for a somewhere between 0 
and s. The positive root of  the derivative of  D with respect to ,~ is easily shown 
to be 

s ( r - 1 )  
(67)  

q- 

a n d  t h e  a s s o c i a t e d  v a l u e  o f  D t  is 

D r -  

( r -  1)~-Is T 
r~ (68)  

T h e  p r o o f  t h a t  t h e  p o s i t i v e  r e a l  r o o t  is d o m i n a n t  f o r  D t  < D < 0 f o l l o w s  as  a 

s p e c i a l  c a s e  o f  t h e  d i s c u s s i o n  f o r  D e r i s o ' s  m o d e l  p r e s e n t e d  e a r l i e r .  
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Fig. 4a-e. Bifurcation periods for the 
Deriso model (48) in units of the time 
interval (normally one year for annually 
breeding animals), for 5r values and 6 
survivorship levels 
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3.4.2. Transition from oscillating stability to instability. Levin and May  (1976) 
presented the local stability analysis for the general model  

B,+I = B,F(B,_,-+1). (69) 

The characteristic equat ion for this model  is identical to (66) with s = 1. Therefore,  
stability results presented in Levin and May  (1976) are applicable to the Allen-  
Clark model  for  s = 1. Here we extend these results to the interval s c [0, 1]. 

Levin and May (1976) were able to obtain an analytical expression for the 
transit ion to oscillating instability. They solved the t ranscendental  equat ion for 
the characteristic equation,  to show that the values o f  D on the unit circle at 
bifurcat ion are 

D = - 2  cos(O(r  - 1)) (70) 

where 

(2n + 1)Tr 
0 =  2 r - 1  ' n = 0 , 1 , 2 , . . . .  (71) 

For D < 0, the smallest absolute value o f  D associated with a root  on the unit 
circle is the value obtained when n = 0 in (71), i.e. 

rrrO'- I)] D=-2COSL ~ -  { j .  (72) 

Therefore,  since this is the first point  on the unit circle as D decreases f rom 
D = 0, this point, viz. the value o f  D cor responding  to the smallest 0 value which 
is a solution to the imaginary part  of  the characterist ic equation, is also the point  
marking the transition to oscillating instability. 
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This result generalises to s ~ [0, 1] if one can show that there is no point in 
s ~ [0, 1] at which the root with smallest 0 value loses dominance on the unit 
circle. This holds if on the unity circle a given value of D can only be associated 
with a single unique value of 0 for 0 ~ [0, z] and s ~ [0, 1]. 

When R = 1 and p = 0 then Eq. (B5) (see Appendix B) becomes 

D 2 = 1 + s 2 - 2s cos 0. (73) 

Therefore D 2 is a strictly increasing function of 0, for 0 ~ [0, 7], f rom which it 
follows that when D < 0 there is a unique value of 0 for every D value. Therefore 
the root on the unit circle with the smallest value of 0 always marks the bifurcation 
threshold for s ~ [0, 1]. 

3.4.3. Numerical  solution f o r  0 and D at bifurcation, D < 0. When p = 0, there are 
four variables in the transcendental equation (54) at the unit circle; 0, 7, s and 
D. We determine D and 0 as functions of  given values of  7 and s. 

The value of D at bifurcation to oscillating instability can be calculated by 
numerically solving for the smallest non-zero solution of 0 to Eq. (56) for 0 
between 0 and ~- and for p =0 .  Results presented here were obtained using 
Newton's  method to solve for the roots of  y(O, s, 7) where 

sin 07 
y(  O, s, , c ) -  . s (74) 

sm 0 ( 7 -  1) 

for given values of  s and 7, and then calculating D from Eq. (55). This is the 
same as Clark's (1976) procedure. However we provide a more complete summary 
of the stability threshold values for D as a function of s and 7. 

The limiting case, 7-~ oo, by earlier arguments for the Deriso model, bifurcates 
when D --- - 1  + s. Values of  D for bifurcation to oscillating instability are shown 
as a function of s and for 7 values from 1 to 11 in Fig. 5. The same figure also 
shows the point of transition from dominant  monotonic stability to dominant 
oscillating stability as a function of s and 7, and the point at which monotonic 
instability first occurs (D  = 1 - s). 

3.4.4. Bifurcation periods. Bifurca t ionper iodsareobta ineddi rec t ly f romtheangle  
of  the dominant  eigenvalue at the threshold of instability. The results for the 
limits s ~ 0 and s ~ 1 give the lower and upper  bounds of the oscillation period. 
As s ~ 0, Eq. (56) becomes (with p = 0) 

sin 07 = 0 (75) 

which has as smallest non-zero solution (i.e. lowest frequency of oscillation), 
0 = 7r/7. The associated bifurcation period is 27, i.e. twice the age-at-maturity. 

As s ~ 1 Eq. (56) becomes 

sin 07 = sin O ( r -  1). (76) 

The smallest solution of 0 to this equation lies between ~-/2r and ~ - / 2 ( 7 - 1 )  
and so 0 ( 7 - 1 )  and 0r must lie in the first and second quadrants, [0, 7r/2] and 
[~r/2, ~]  respectively. From (76) it follows that ~ -  07 = 0 ( 7 - 1 ) ;  that is, 

7/- 
0 - (77) 

2 7 -  1 
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Fig. 5. Critical values of D at bifurcation to monotonic instability (line A - -  independent of r),  to 
oscillating instability (lines diverging to the right from C) and the point of transition from dominant 
monotonic stability to dominant oscillating stability (lines diverging to the right from B) for the 
Allen-Clark model (65) as a function of s between 0 and 1 and r between 1 (smallest possible) and 
11 (close to the limit for r+cc )  

which is a result obtained by Levin and May (1976). This corresponds to a 
bifurcation period of 4 z - 2 .  Therefore a continuous increase in s from 0 ~ 1 is 
accompanied by a continuous increase in the bifurcation period, from 2z to 
4 z - 2 .  The n u m e r i c a l l y  determined bifurcation periods for 0 < s <  1 for z from 
2-~ 11 and s from 0-~ 1 are shown in Fig. 6. When r = 1 the bifurcation period 
is 2 years for all s. 

3.4.5.  T h e  spec ia l  cases  r = I a n d  r = 2. For these cases, the characteristic equation 
is (r  = 1) 

and (r  = 2) 

h = s + D (78) 

A 2_ sh - D = 0. (79) 

Stability categories are obtained by examining the roots of a linear and a quadratic 
function, and the results are summarised in Table 2. 

This completes the categorization of the deterministic stability states in the 
Deriso and Allen-Clark models without considering the effects of exploitation. 
For deterministic systems which are observed with some measurement error, the 
problem of recognizing instability arises. In the next section we discuss the 
problem of identifying instability in the unexploited population from data 
gathered in the field or from statistics associated with the harvesting process (e.g. 
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Fig.  6. Pe r iods  at  b i f u r c a t i o n  to osc i l l a t ing  ins tab i l i ty  fo r  the  A l l e n - C l a r k  m o d e l  (65),  as a f u n c t i o n  

o f  the  s a n d  ~- va lues  c o n s i d e r e d  in Fig.  5. At  the  e x t r e m u m s ,  s = 0 a n d  s = 1, the  b i f u r c a t i o n  p e r i o d s  

are  2 r  a n d  4 r - 2  respect ive ly .  The  case ,  ~" = 1, is no t  s h o w n ,  b u t  the  b i f u r c a t i o n  p e r i o d  is t w o  yea r s  

catch satistics). We assume however that the underlying population dynamics is 
perfectly deterministic. 

4. Recognizing deterministic instability 

The possibility that sustained oscillations caused by internal factors occur in 
marine populations has been raised recently by Deriso et al. (1985), as one of a 
number of competing hypotheses for explaining Pacific halibut dynamics. To be 

Tab le  2. S tab i l i ty  r eg imes  fo r  the  A l l e n - C l a r k  m o d e l  fo r  D as a 

f u n c t i o n  o f  s, a n d  fo r  the  spec ia l  cases  ~- = 1 a n d  ~- = 2 

~- R a n g e  B e h a v i o u r  

1 D > 1 - s M o n o t o n i c a l l y  u n s t a b l e  

1 - s > D > - s  M o n o t o n i c a l l y  s table  

- s  > D > - 1  - s S tab le  osc i l l a t ions  

- 1 - s > D U n s t a b l e  osc i l l a t ions  

2 D > 1 - s M o n o t o n i c a l l y  u n s t a b l e  
S 2 

1 - s > D > - - -  M o n o t o n i c a l l y  s table  
4 

s 2 

- - - >  D > - 1  S tab le  osc i l l a t ions  
4 

- 1  > D U n s t a b l e  osc i l l a t ions  
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able to resolve such debates in favour of a density dependent oscillation mechan- 
ism, available data must be used as the basis of a stability analysis of the 
equilibrium or.equilibria. 

We will restrict ourselves to an analysis of the case where population dynamics 
is perfectly deterministic, but population densities are observed with error. We 
also restrict the analysis to examining the properties of the unexploited system. 
If the survival parameter s, growth parameter p, and age-at-maturity ~- are all 
known exactly, then only D need be estimated to determine stability state. 

The estimation of D for the unexploited population is complicated by the 
limited range of available data. Typically the data are clustered inbetween the 
origin and the unexploited equilibrium point on a stock recruitment plot (Fig. 
1). The slope of the recruitment function at equilibrium can therefore only be 
obtained by extrapolating the fitted curve outside the region of observed data. 
Secondly, the estimate of D will usually be both imprecise (because of variance) 
and inaccurate (because of bias). 

Walters and Ludwig (1981) consider a regression analysis of the Ricker 
function 

Ri+ 1 = aSt_7+ 1 e t3s . . . . .  (80)  

for the case r =  1, where R, is recruitment in year t and B, is the spawning 
biomass in year t. Define/~, and/}, to be the measured recruitment and spawning 
biomass levels respectively, while R, and B, are the associated actual (i.e. true) 
values. We assume that n pairs of points (R,, B,_,) (e.g. t = % . . . ,  n - 1 + ~-) are 
available for the purpose of estimating a and/3 using regression techniques. 

In their analysis Walters and Ludwig (1981) estimate the bias induced in the 
estimate of/3 if there are measurement errors in both/~,  and/},  and if a simple 
linear regression of ln(/~,)/(/~,-0 versus /},-7 is used to estimate the Ricker 
recruitment parameters a and/3 (note: recruitment in year t is causally related 
to spawning biomass in year t-~-). 

The slope of the recruitment function at unexploited equilibrium (D) is 
independent of/3.  The value of a, which is functionally related to D will be 
biased under certain circumstances if/3 is biased. 

Walters andLudwig  (1981) derived an expression for the asymptotic (i.e. as 
n-)  c~) bias in /3, which is 

/3-/3 -/3[(1 1//.t3)-t 1 - 1 ~ A t 2  BC-~B] = - + o.2 ( 8 1 )  cL 
where /~ is the estimate of the true density dependent parameter /3, o .2 is the 
variance of the logarithm of any recruitment or spawning biomass estimate with 
respect to the true value (these logarithms are assumed to be normally distributed), 
/~ is the asymptotic bias correction factor (for log-normal measurement noise in 
the recruitment and adult biomass estimates, /z = e~ /2>  1, /J is the mean of all 
adult biomass estimates, taken from observations made over a period of n years, 
and CB~ is the total vairance of all adult biomass estimates. 

As an example, we consider an Allen-Clark model of an unexploited popula- 
tion with Ricker recruitment. 

Bt+ 1 = sB,  + o~Bt-.r+l e -t~B . . . .  . (82) 
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/3 

and D can be written in the form 
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(83) 

y =  Bt+~-[1.1][0.6](B,-C)+(O.1)(0.6)2(Bt-I-C)[Bt~BtC ] 

against x, the spawning biomass 

X = Bt_ 1 - C. (89) 

(88) 

This model has an unstable oscillatory equilibrium. Figure 7 shows a typical 
biomass trajectory of 280 year duration. The parameters used in (86) represent 
a sardine-like population. If  all the system parameters apart from the Ricker 
function parameters are shown, then these can be estimated from the stock recruit 
regression analysis. The stock-recruit plot is obtained by plotting y, the recruitment 
biomass 

D = (1 - s)(1 - f iB*) .  (84) 

If s and B* are fixed, then D is a decreasing function of ft. Therefore, larger/3 
values would lead to a greater chance of the equilibrium B* being locally unstable. 

Appendix C gives an estimate of the bias in D when spawning biomass and 
recruitment are obtained from independent estimates with equal lognormal error 
variances. The bias ( / ) -  D) is 

( f i -  o )  = - (1  - s ) (~  - /3 )~ .  (85) 

Dynamic instability definitely occurs for some sufficiently negative D, which from 
(84) occurs for some sufficiently large and positive /3. Further, when /3 is 
sufficiently large and positive, then from (83) and Waiters and Ludwig (1981) 

A 

(/3 - /3 < 0, and therefore from (85), ( D -  D) > 0. Since D < 0 this implies that 
Ifil < IDI, and hence when a system is locally unstable and/3 is sufficiently large 
and positive, parameter estimates will erroneously indicate local stability. 

Further complications with assessing the stability state of deterministic systems 
arise. Consider the following Deriso model subject to a constant catch rate C 
(refer to Deriso (1980) for the derivation of the catch equation) in which ~- = 2, 
p = 0.1, s = 0.6 and 4, (see 42) is exponential so that there is a Ricker recruitment 
function: 

B,+I = [1.1][0.6](B,- C ) - ( 0 . 1 ) ( 0 . 6 ) 2 [ ~ C ]  (B~_~ - C)+9(B t_~-C)  e--[B,_I--C]. 

(86) 

Suppose the constant catch harvested each year is half of MSY,  i.e. 

M S Y  
C = = 1.494. (87) 

2 
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Fig. 7. A biomass trajectory for a fish population which has survivorship (s = 0.6), growth rate (p = 0.1) 
and age-at-maturity ( r  = 2) similar to a sardine populat ion,  subject to a constant  catch each year of  
MSY/2. The value of a (see Eq. (82)) for the stock/recruit  relationship was chosen so that the static 
equilibrium is locally unstable (c~ = 9). The trajectory was started very close to this unstable equilibrium 
point 
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Fig. 8. Recruitment biomass versus adult biomass (after the harvest) for the last 280 years of  data 
shown in Fig. 7. It is assumed that all the biomass values, the constant  catch, and s, p and ~" are 
exactly known and correctly specified 
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Fig. 9. Estimated recruitment biomass versus spawning biomass for the data shown in Fig. 7 (last 
280 years). All the biomass values, the constant catch, and s and p are known exactly, however the 
value specified for ~- is incorrect, being 3 years rather than the correct value of 2 years 

This plot (shown in Fig. 8) gives a good definition of part of the recruitment 
function. Because the system is dynamically unstable, it moves along a path, or 
attractor in some higher dimension coordinate system (see for example Gucken- 
heimer et al (1977) or Schaffer (1984). The stock-recruit regression is the projection 
of the attractor which describes the shape of the recruitment function. If  the 
system parameters which are used to calculate the recruitment biomass are 
incorrect then the resultant projection is not necessarily the desired projection 
of the recruitment function. For example, Fig. 9 shows the stock recruit relation- 
ship for the Deriso model described by Eq. (86) that would result if the value 
of ~- is erroneously assumed to be 3 years rather than the correct value of 2 years. 
There is now considerable "scatter" in the stock recruit plot. The scatter is 
perfectly deterministic, but achieves the same "smearing out" of the stock-recruit 
plot as do observation errors. This might also result in biases in /9, and hence 
cause a failure to recognise dynamic instability. 

5. Discussion 

From our analysis of the linearized system associated with density-dependent 
Leslie models considered here we obtain a condition essentially of the form 

1 1 
_ - - < ~ k < ~ - -  

Ro Ro 

where Ro is the density-independent reproductive value of the population and k 
is the slope of the stock recruitment function at an equilibrium. This condition 
is sufficient to guarantee local stability of the equilibrium being considered. The 
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transition to monotonic stability always lies at k =  1/Ro, but bifurcation to 
oscillating instability is generally beyond k = - 1 / R o .  For the case of the aggre- 
gated Deriso model, however, we are able to derive both necessary and sufficient 
conditions for local stability. 

The results discussed here provide two tools for the analysis of real systems. 
These are the stability conditions themselves, and the period of  oscillations at 
the bifurcation threshold (the bifurcation period). From experience we assume 
that the bifurcation period is a good approximation to the period generated by 
the non-linear dynamics. There are nevertheless several approaches that can be 
used to analyse how the dynamics change for values of D beyond the critical 
value at bifurcation. One of these is a straightforward simulation of the dynamics. 
This is only useful for specific situations. Another approach, reported in May 
(1974) and Guckenheimer et al. (1977), examines the stability of periodic states. 
Finally Tuljapurkar (1986) and Wachter (1987) analyse the period of oscillation 
for the nonlinear system by expressing it as an expansion in terms of the conditions 
prevailing at the point of bifurcation. 

In terms of trying to understand the behaviour of dynamic systems from data, 
we showed for the Ricker recruitment function that observation errors can result 
in a failure to recognise deterministic instability. Apart from the specific effect 
of observation errors, there may be additional confounding effects if, for example, 
the incorrect time delay is used in the stock recruit regression. These problems 
(Figs. 7 and 8) may also arise if the age-at-maturity and age-at-recruitment are 
very different. In this case a more complex population model is required.The 
stock-recruit regression is very senstive to the time-delay variable. Our example 
suggests that this parameter should be free during the regression calculation, 
although since ~- is discontinuous a special treatment is necessary. Failure to 
specify r correctly leads to exotic nonlinear behaviour on the stock-recruit plot. 

The results obtained here provide a link between a number of discrete 
mathematical models used in ecological modelling. The analysis of discrete 
systems can be complex. The work presented here provides insight into the 
behaviour of  a broad class of  single species models that have application in 
resource management. Here we highlighted oscillating instabilities as a factor 
causing fish recruitment variability. Such dynamic instabilities may play a role 
in other variable resource systems. 
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Appendix A: Bifurcation period 

When the system bifurcates to a state of oscillating instability, the modulus of the dominant pair of 
eigenvalues is on the unit circle. The two eigenvalues are exp(i0) and e• 0)). The dynamics 
of the linearised system is dominated by these two roots, and the form of the dynamics is 

B t - B * -  C 1 e i~ C 2 e i(2~-~ (A1) 
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where  the cons tan ts  C 1 and  C 2 d e p e n d  on ini t ia l  condi t ions ,  and  where  t = 1, 2, 3 , . . . .  The te rm 

C1 e ~~ re turns  to the same va lue  w h e n e v e r  Ot = 2mr  for  n = 0, 1, 2 , . . .  and  the t ime  in terval  be tween  
two l ike va lues  is 27r/0, which is the per iod  of  osci l la t ion.  The other  te rm is equ iva len t ly  wri t ten as 

C 2 e 12~ e -~~ which  reduces  to C 2 e -~~ when  i and  t are pos i t ive  integers.  Since e -~~ also osci l la tes  

wi th  per iod  21r/0, the b i fu rca t ion  per iod  is 2~r/0. 

Appendix B: 0 is an increasing function of  D for all 0 < 0 < = and for all circles 
with radii, R > 0 

The charac ter i s t ic  equa t ion  can  be rewri t ten in the form 

A - (1 +p)s+ps2A -1 -/)3. - ( ' -1 )  = 0. (B1) 

Rep lac ing  A by Re ~~ gives 

ei 0 ( l + p ) s  ps2 e -i~ De -i~ 
R t- R ~ -  R ~  (B2) 

The real and  imag ina ry  par ts  of  this  reduce  respect ive ly  to 

R 2~ 
cos 2 0 ( r -  1) = ~ [(1 + ps2/R a) cos 0 - (1 + p)s/R] 2 (B3) 

R 2r 
cos 20( ' r  - 1) = 1 -~ -5 -  [(1 -ps2/RZ) 2 sin 2 0]. (B4) 

E l imina t ing  cos ~ 0(~"-  1) be tween  Eqs. (B3) and  (B4) and  wr i t ing  D 2 (=D2(O)) as the subject  o f  the 

formula ,  p roduces  

2 = 2, F + P 2 s g + ( l + p ) 2 S 2 + 2  ps 2 2 ( l+p)s[  ps2~ ] 
D (0) R L1 R4 R2 0 j .  (B5)  cos2o- R c~ 

D 2 is s tr ict ly inc reas ing  on 0 < 0 < ~" i f  dDe/dO can be  shown  to be  pos i t ive  for al l  0 on  0 <  0 < or. 

The der iva t ive  is 

dDZ=R2"[-4PS2sin20+2(l+p)s  1 +  s i n 0  (B6) 
dO L R2 R 

For D 2 to be  m o n o t o n i c a l l y  inc reas ing  its der ivat ive  mus t  no t  have  any  roots  on O< 0 < ~r. ( I f  it is 

m o n o t o n i c a l l y  increas ing,  then  add i t i ona l  un ique  roots  on the uni t  circle  canno t  exist.) I f  there  is a 
root,  then  the funct ions  u(O) and  v(O) intersect,  where  we define 

u(O)=asin20, v(O)=sinO (B7) 

and  

2ps 
a - ( B 8 )  

R(1 + p)(1 + ps2/R2)" 

Note  tha t  a > 0 since 0 < s < 1, 0 < p < 1/s ,  and  R > 0. An in tersec t ion  occurs  at  the endpo in t s  of  the 
interval ,  bu t  not  necessar i ly  be tween  0 and  ~r. Figure  10 is a schemat ic  of  the two funct ions.  For  an 
in te rsec t ion  to occur  a sin 20  mus t  increase  faster  t han  sin 0 at  0 = 0. The  func t ion  a sin 20 is then  
larger  than  sin 0 for a d o m a i n  of  0, but  crosses sin 0 as it re turns  to zero for 0 = ~r/2. The condi t ion  

for an in te rsec t ion  to occur  then  becomes  

du(O) dr(O) 
- - > - -  (B9) 

dO dO 

at 0 = O. We have  tha t  

du (0) 4ps 
(B10) 

dO R( l+p) ( l+ps2 /R  2) 
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0 

Fig. 10. Graphical representation of the functions u(O) (a sin 20) and v(O) (sin 0) (see Eq. (B7)) on 
the interval 0 < 0 < ~-. For the case shown here, the functions do not intersect on 0 < 0 < ~r and hence 
dD2/dO is strictly positive 

and 

Intersection occurs if 

dr(O) 
= 1. (Bl l )  

dO 

4ps 
2 2->1.  (B12) 

R ( l + p ) ( l + p s  / R  ) 

An equivalent form of this condition for no intersection is 

R R s ps 
- - + - - + - - + - - ~ > 4 .  (BI3) 
ps s R R 

The minimum of the left-hand side with respect to p is 2+ R / s  + s / R  at p = R/S,  and the minimum 
of 2 + R / s + s / R  is 4 (when R =s ) .  

Therefore the necessary condition that D 2 is an increasing function of 0 for 0 < 0 < ~- is satisfied 
for all 0 < s <  1, all 0 < p < l / s ,  and all R > 0 .  

Appendix C: Estimating the b i a s / ) -  D 

The analysis by Waiters and Ludwig (1981) assumes that the observation errors are such that any 
biomass estimate, /~, is lognormally distributed, The expected value of the estimate of B z for any 
particular t is 

E[ Bt] = B, e ~2 /2 (C1) 

where cr 2 is the measurement variance in In/~,. If  the true values, the B, themselves, are lognormally 
distributed with mean fl, where /~ = 1/n ~ + ~  Bt, then the expected value of the estimated mean 
adult biomass values, B (where /~=  1/n ~,~-~'~ B,), over n years is given by 

E[B]  =/~ e ~ (C2) 

where /~ is the true mean value and n are the number of years of data (note: the variance of the 
logarithm of the mean adult biomass estimate is cr2/n). 

We consider the cases for which n > 10 and r <0.5 for which 

1 < e ~/(2~) < 1.0126 (C3) 
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The value of  r v of  0.50 corresponds to a coefficient of variation of  biomass estimate around true 
value of 53% (the coefficient of variation of a lognormal variable is ~/e ~T~- 1, ~r 2 being the variance 
of the logarithm of the random variable). Therefore, from (C4), the difference between actual and 
observed mean adult biomass will be less than 1.26%. Similarly, the difference between In(R/B)  and 
ln(/~//3) (where ~ is the mean value, 1/n ~t]~ +~ ln(RJBt_r) ) will be less than 1.26% if the 
recruitment estimate is lognormally distributed with a coefficient of variation of  ~r 2. 

An acceptable regression procedure would therefore be to force the regression function to pass 
through the observed mean point, [ln(/~//~),/~], which we argue will be very close to the true mean 
point, [In(R/B),/~]. From this it is possible to obtain an estimate of a, if/3, ~ and /~ are 
given. If for convenience the time subscripts are ignored, the recruitment function (82) can be rewritten 
as 

In(R/B)  = In a - fiB. (C4) 

From the preceding discussion, it is reasonable to assume that 

~ B ( c 5 )  

and 

ln(/~/B) ~ In R/B. (C6) 

Thus, if the estimated stock-recruitment function passes through the estimated mean point, it also 
passes through the true mean point. Hence the true stock-recruitment function intersects with the 
estimated stock-recruitment function at the estimated mean point, so that the following relationship 
holds 

In(k)- /~/~ = ln  a -/~fl. (C7) 

Using approximation (C6), Eq. (C7) can be rearranged and exponentiated to obtain 

= a e (~-m~. (C8) 

Substituting the equation for B* ((85) main text) into the equation for D ((86) main text) gives 

D = ( l - s )  1 - 1 n l _  s . 

From Eq. (C1), if s is known, the estimate of  the slope of  the recruitment function at equilibrium is 

/~=  ( 1 - s ) ( 1 - 1 n  1 ~ s ) .  (CIO) 

Therefore, replacing k by a e (~-t~)~ in (C10),/9 becomes 

Subtracting the left- and right-hand sides of Eq. (C1) from the left- and right-hand sides of  Eq. (C11), 
the bias in the estimate of the slope of  the recruitment function at equilibrium is 

b - D = - (1  - s)(/3 -/3)/~. (C12) 
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