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Abstract

Inspired by the application of metabolic control analysis (MCA) to biochemical networks, we conduct a generalized sensitivity
analysis of the equilibrium of a set of differential equations used to model trophic chains. We focus on changes in the equilibrium
to perturbations of feeding (i.e. functional responses) and growth rate functions. Soammiledl coefficient connectivity
relationships are derived for two broad classes of trophic chains: those governed by linear and those governed by nonlinear
growth functions. These connectivity relationships link global sensitivity coefficients to local elasticities represented by the
normalized partial derivatives of the rate functions. We derive results for specific classes of trophic chains, including hyperbolic
growth functions used in metaphysiological models. Our results provide formulae for computing the degree to which control
by the feeding and growth functions is top-down versus bottom-up at any level in any given trophic chain. Control analysis
provides a framework for articulating the degree to which equilibrium—or, more usefully, long term average—population levels
are influenced by the different rate functions in terms of local elasticity functions. Control Analysis also provides techniques for
probing thetrophic cascade hypothesis.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction applies to such networks is: “What are the conse-
quences for the objects of the network if one or more
Biological systems are often represented as net- of the functions (processes) connecting any two of
works of nonlinearly interacting objects or nodes. them is perturbed.”
The interaction of these objects is modeled using rate A class of methods used to answer such questions
equations that allow the behavior of the system to be falls under the rubric of sensitivity analysis. Sensitiv-
integrated or simulated and studied as a whole. This ity of system trajectories or other characterizing values
strategy has been applied at vastly different levels to changes in the value of specific system parameters
of organization, ranging from biochemical networks has been of considerable interest to ecologists (e.g.
within cells to networks of interacting populations seeSwartzman and Kaluzny, 1987; Caswell, 2D00
constituting ecosystems. A question that universally Biochemists, on the other hand, have focused on the
sensitivity of particular system process rates to pertur-
"+ Corresponding author. Fax:1-510-642-7428. bations in process rates in other parts of the biochemi-
E-mail address. getz@nature.berkeley.edu (W.M. Getz). cal system. They have developed coherent theories for
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undertaking this type of sensitivity analysis, that have

been classified into two related methods of analysis re-

spectively know as metabolic control analysis (MCA)
(Kacer and Burns, 1973; Heinrich and Rapoport, 1974;
Giersch, 1988a,b; Kahn and Westerhoff, 1991; Fell,
1996; Hofmeyr and Cornish-Bowden, 1996; Hofmeyr
and Westerhoff, 2001; Hofmeyr, 200&hd biochem-
ical systems theory (BST(5avageau, 1976, 1996)
MCA methods of analysis have served to identify
principles of control and regulation that are gener-
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was generalized b®ksanen et al. (198 BndFretwell
(1977, 1987)o systems with five trophic levels. The
general hypothesis that foodwebs exhibit responses at
the primary producer level when perturbations occur
to populations two levels up (i.e. the primary carni-
vore level in plant—herbivore—carnivore systems) was
coined the trophic cascade hypothesi$ayne (1980)

This hypothesis, as articulated Byett and Goldman
(1996) holds that changes in density at each trophic
level of a foodweb are inversely related to changes in

alizable to other networks, such as foodwebs and density at the trophic level above and directly related

energy flows in ecosystenfg/ennekers and Giersch,
1991; Giersch, 1991, 1995)ut these generalizations

to changes in density at the trophic level below. The
widespread validity of this hypothesis has been docu-

were not couched in terms of the per-capita process mented in a meta-analysis conductedSmhmitz et al.
rates driving foodwebs. Unlike biochemical processes (2000)on data from 41 different studies.
which are generally cast in terms of total process Discussions why, if at all, the trophic cascade hy-
rates, ecological systems are dominated by per-capitapothesis should be true have been confounded by
process rates—specifically, per-capita rates at which insufficient attention to differences between the con-
individuals extract resources as a function of resource cepts of ‘species level cascades’ and ‘community
and species densities, and per-capita growth rates adevel cascades{Polis, 1999) Species level cascades
a function of resource consumption rates (e.g. see pertain to trophic chains embedded within foodwebs.
Getz, 1991, 1993, 1994This difference in how we  Such trophic chains, however, are rarely sufficiently
view biochemical and ecological processes reflects isolated from other parts of the foodweb to allow the
the fact that the density of chemical species is con- response of the species in a particular chain to be
trolled by interspecific synthetic processes rather than considered in isolation from the rest of the foodweb,
intraspecific reproductive processes. although species level cascades have been identified
In this paper, we focus on developing a theory in systems where omnivory blurs the trophic structure
of process control in the topologically simplest of (Power, 1990) Community level cascades, on the
all foodwebs—the unbranched trophic chain—using other hand, require that foodwebs have well-identified
MCA as guide to our basic method of analysis. trophic levels (which, for example, become fuzzy
Trophic chains are based on an autotroph utilizing an when omnivory is prevalent—e.g. s@ersson et al.,
energy flux to sustain itself over many generations 1996 and that responses are measured as an aggre-
while exploiting a renewable resource (e.g. plants or gate of the response of all populations functioning
algae using sunlight to grow in the presence of soil at the same trophic level. Further, even with regard
nutrients and water). The next link in the chain is a to trophic chains that appear to be relatively iso-
herbivore (or phytoplanktivore in aquatic planktonic latable from a more extensive web, discussions on
systems), followed by primary and possibly secondary the relative importance of top-down (predator) con-
and tertiary carnivores, depending on the length of trol versus bottom-up (resource) control lead to a
the food chain. polarization that control resides in one or the other,
The fact that long term changes in the density of a rather than the notion that control is distributed over
population at one level in a trophic chain may have both.
repercussions for populations at several other levels In this paper we resolve the debate on top-down
in that chain was first articulated kiyairston et al. versus bottom-up control by using a trophic chain
(1960) They formulated what has now become know model to demonstrate how control is distributed over
as the Green World Hypothesis in which they main- the different levels for both species and community
tained that the world can only be green in places level cascades (in the former case, the model vari-
where carnivores keep the herbivores in check from ables represent species densities; in the latter case,
over-exploiting the plants below them. This hypothesis they represent the aggregate of all species densities at
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each of the trophic levels) rather than residing at any and MacArthur (1963)andOksanen et al. (1981A
privileged level. We also develop a method of analy- more recent view of trophic chains that focuses on
sis and a vocabulary for talking about how we might the process of per-capita feeding (alternatively forag-
expect steady states in trophic cascades to change iring, extraction, ingestion) and growth process rates
response to perturbations in trophic and population results in the following general modéGetz, 1991,
processes. In reality, biological populations fluctuate 1993, 1994) Definex;,i = 1,...,n as the biomass
around some average level that generally has a cyclicin the ith level of ann-level trophic chain. Assume
or seasonal component. In such cases, the analysighe lowest level of the chain & 1) is supported by
presented here must be interpreted in the context of an underlying buffered resource and the highest
trophic chains that can equilibrate within a season or level ( = n) is subject to extraction by a process
in terms of population levels averaged over appropri- modeled by an external input or driving function (e.g.
ately long intervals of time. human harvest). Further, defig to be the growth
Beginning with the pioneering work offairston rate of each trophic level anfl,1 the per-capita rate
et al. (1960) ecologists have examined the extent at which biomass at th&h trophic level is extracted
to which primary producer biomass is influenced by each unit of biomass at the-{ 1)th trophic level.
by resources needed for growth versus the extrac- The model for the dynamics of thigh trophic level
tion of biomass by consume(®ksanen et al., 1981; takes the form
Fretwell, 1987; Power, 1992; Polis and Strong, 1996) "
Ecologists have set up experiments and conducted — = g;(f)x; — fiyixit1, i=1,...,n. 1)
field work to address this question, but the more sub-
tle issues relating to this question have never been The functions f; are commonly called the func-
formally articulated using mathematical analysis. tjgnal responses, but we prefer to call them the feeding
The material presented below closes this gap. We (or extraction) rate functions. The model, as written,
call the approach trophic control analysis (TCA). Al-  jmplies that the per-capita growth rate depends on the
though TCA has much in common with MCA, trophic  yer_capita feeding rate. Unless otherwise stated, we

chains are fundamentally different from metabolic 555ume that feeding rates are functions only of the
networks. For TCA to obtain results relevant to trophic  «consumer's” own densityy; that of its “resource”

chains it needs to move beyond MCA (some details xi_1—that is, f;(xi_1, x;). Note, the system can be
can be found in our companion paper). For example, tryncated a: variablesx;, i = 1, ..., n, by defining
trophic chains cannot simply be couched in terms ; _ fap1xi1 tO represent extraction by a “harvest”
of populations connected by mass flow processes, asiate j, that can be set to 0. Finally, we note that
defined by a stoichiometry matrigGiersch, 1995)  gq. (1) provides a richer, more naturally framework
Unlike biochemical networks, growth processes are for incorporating additional resolution in the model
generally nonconservative (biomass is lost to excre- pertaining to physiological and behavioral processes
tion and deaths as material passes up the food chainlnsn modified Lotka—\olterra approaches such as

in a way that corresponds to slippage in complex bio- he Rosenzweig—MacArthur formulation (also see
chemical networkgWesterhoff and Van Dam, 1987, Ramos-Jiliberto et al., 2002

Schuster and Westerhoff, 1999)

2.2. Elasticity and control
2. Model and method
e and methods MCA theorems and analysis are usually cast in the
context of models that have the forid€inrich et al.,
1977; Reder, 1988; Hofmeyr and Westerhoff, 2001
also sed-ell, 1996; Hofmeyr, 2001

2.1. Trophic model

The history of trophic chain models is rooted in the
prey—predator models dfotka (1925)and Volterra di: m
(1926) with extensions due, among others, to the — Z”ii”-/(x’)‘)’ i=1...,n, 2

ideas ofLeslie (1948) Holling (1959) Rosenzweig dr j=1



156

wherex = (x1, ..., x,)" (' denotes vector transpose)
is a metabolite concentration vectar; is theith row
and jth column entry of & x m stoichiometry matrix
N, v(x, L) = (vi(x, A1), ..., va(x, A;y)) is a vector
of process total (as opposed to per capita) rate func-
tions, andA = (A1, ..., A»)’ is vector of parameters.
The functionsv;(x, ;) are assumed to be homoge-
neous of degree 1 ia; so that the unperturbed state
corresponds ta; = 1. This implies that; is func-
tionally equivalent to a scaling perturbationwfand
can always be introduced when needed.

MCA focuses on how an unperturbed nontrivial
steady-state solutiog to Eq. (2) that is a solution
satisfying

N =0, 3)

whered = v(x, 1), responds to perturbations af
around the nominal valug = 1. Although, from a
mathematical point of viewx is referred to as an
equilibrium, the terminology “steady-state” is used to
emphasize the fact that, in general, each of the ele-
mentsv;(x, ;) are themselves non-zero, but repre-
sent steady-state fluxes.

In MCA, each process that occurs at a non-zero rate
v; is characterized by elasticity Coeﬁicierﬁ,"g, i =
1,...,n,j=1,...,mthat are defined in terms of the
normalized partial derivatives of the process functions
v;j with respect to the arguments: viz.,

v;i Xi 81)]‘

. 8In|v,~|
© 9lnx;

(4)

&y =

Uj axi x=x,A=1 x=x,A=1

Also, in MCA, the control that all the processes ex-

ercise on the steady-state concentrations of the entire

system is characterized by concentration-control co-

efficients defined, assuming > 0, by

x; )»j dxi din Xi
a X; d)\j - dm)»j

(5)

vj

x=x,A=1

To facilitate the development of TCA, we replace
the feeding and growth functions ikq. (1) with
fi— rjfjandg; — u;g;, allowing us to nominally
perturb process rates by varying or ; around the
valuesi; = 1 or u; = 1. In particular, we use per-
turbations of thisi; to calculate the: TCA feeding
control coefficients

xi diInx;

= — =1,...
Cf-/ d|n)\.j !

,n. (6)

’

x=£(1),1;=1
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Similarly, the same kind of perturbations can be used
to calculate the: TCA growth control coefficients

dinx;

i =

o i=1,...

, .

)

ding; x=£(1), ;=1

Note that each perturbation of a particular feeding or
growth function is made, assuming that the other func-
tions remain unperturbed except through the variation
of their arguments. From this perspective, the new
steady-state levdl is considered a function of the par-
ticular perturbed growth or feeding function so that
for some particular value of = 1, ..., n, this new
steady-state value can be approximated by the expan-
sion

o o %D
or by
. x(1)

(i) ~ 2D+ (uj — 1)c’£,i_ —,
Hj

as the case may be.

2.3. Feeding and growth functions

The feeding functionsf; in Eq. (1) are typically
monotonically increasing, but saturating functions of
the associated resourag 1 (seeHolling, 1959 and
also Table 1), although some ecologists argue that
feeding functions might more appropriately depend
on the ratio of consumers to resources (ife.=
fi(x;/xi—1)—seeArditi and Ginzburg, 1989; Matson
and Berryman, 1992but seeOksanen et al., 1992;
Abrams, 1994 More generally, we develop our the-
ory for feeding functions that depend on both the
densities of consumers and their resources fi.e-
fi(xi—1, x;)). Of course, feeding functions may depend
on other species in the hierarchy, but this level of gen-
erality is beyond the scope of our analysis.

In addition to the functions listed iffable 1 we
present their elasticity coefficients definedby. (4)
These coefficients provide one way of characterizing
the form of the dependence of the functions on each of
the parameters. The elasticity coefficient for a power
function is equal to the power to which the variable is
raised in the function (see second rowTiable J).
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Table 1
Feeding functions
Name Form{=1,2) Elasticities
Lotka—\Volterra fi(xi—1, xi) = aixi-1, a; >0 ef =1 &li=0
Compensatory power function f;(xj_1, x;) = al-xfil, a;>00<pi <1 gﬁil = pi, 8{; -0
; ; aiXi-1 £ b; Y
Holling type Il (Holling, 1959 i(xi—1, X)) = ——, i >0,b; >0 =, =0
g typ ( 9 ) filxiea, X)) b+ x1 ai > i > Exi_1 b+ xia 5
. X . bixi ' —bix;
Ratio-dependent type Il fi(xi_1, X)) = u, a; > 0,b; >0 g;[;fl = o , el = _ o
(Getz, 1984) bixi +xi-1 bixi+xi1 T bixi+xia
. iXj_ . bi + cix;
Beddington type Il fivin ) = — L 020,620 ef = O
(Beddington, 1975; bi + xic1 + cixi bi + cixi + xi—1
DeAngelis et al., 1975) i — —CiX;
M b+ oixi +xic1
aix’t _ Vi
Generalized holling type fixiz1, xi) = ﬁ, ai>0,b; >0,y >1 8:,{571 = 7”% J T s)]:; =0
Il (Getz, 1999) bi' +x;i1y B 4+ xI" )
. . iXi_ 1—a)b: cox: )i
Generalized holling -1 filxict, x) = diXi-1 — i = (A = ai)b;i + aicixi) .
: (A = ap)b; + ajcix))Vi + x]- )i (A= ap)bi + aicixi)¥i +x;°4
hybrid (Getz, 1999)

ai >0,b;>0,¢;>0,0<¢; <1,y,>1 .
g aicixi(1— ai)bi 4 aicix;)”

T (L — ap)bi + icixg) +x

Xi

In MCA, elasticities are usually considered interms  In Lotka—\olterra and derivative models (e.g.

of total ratesv; = x; f; rather than per-capita ratgs Rosenzweig and MacArthur, 1968rowth is assume
In the most general casg(x) = x; f;(x), the relation- to be a linear function of feeding: the slope param-
ship between the two kinds of elasticity coefficients, eterr accounts for the direct conversion of ingested
using the definition provided biq. (4)is resource to population biomass (or, alternatively,

P N D population numbers), and the intercept parameter
gy =60 =08, iLj=1....n, accounts for biomass losses due to dealable 2.

; ; o In populations that do not decay at an exponen-
wheres; = 1 and&; = O whenj # i. If we use  tja| rate m when resources are absent, a hyperbolic
E? and &l to represent the matrices of the total and growth model or a metaphysiological approach may

per-capita elasiticitie$§"/. and 85, respectively, this be more gppropriate_. The_se functions, together with
equation becomes ' their elasticities are listed imable 2
Finally, although we do not consider the more

E} = ey @) general situation here, in addition to its dependence
Table 2
Growth functions
Name Form{=1, 2) Elasticities
Linear growth (Lotka—Volterra) gi(fiy=rifi—mj, ri>0m>1 si;’: = r'if'
Lomi—rifi
Hyperbolic growth(Getz, 1991, 1993, 1994) s(f) =ri (1_ %) . ri>0,0<m<maxf & = - mi
i o i —m
. . qi o rif2+qi
Metaphysiological growth(Getz gi(fi)y=rifi—m; — - hi> 0,m; >0,¢9; >0 &% =

fi . £2 f .
and Owen-Smith, 1999) fi ri f—mifi — qi
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directly on feeding, the growth function may also de- ; _— fn+1fn+1- Initially, conditions are such that all
pend directly on other state variabl@sesterhoff and  gpecies densities are initially positive and the struc-

Van Dam, 1987; Westerhoff et al., 200Browth may  tyre of the feeding rate functions ensures that species
even depend on an external forcing function that, for remain positive. Define

example, represents a seasonal signal or a climatic

trend (e.g. global warming) driving the model. rn -1 0 ... 0 0
O rn» -1 --- 0 0
3. Control theorems R— o 0 m» - 0 O

Our purpose in this section is to present the main

technical results of a control analysis of a general 0 0 0 - 1 -1

trophic chain model with respect to perturbations 0 0 0 --- 0 r

in the feeding and growth functions. The proofs are

relegated to the appendices. In the next section, we Forallri > 0,i =1,....n, this matrixR is invertible.
demonstrate how these results can be applied to as-Consequently

sessing the relative importance of different feeding § _ (RTpXp) *MpXp 9)

and growth functions in determining the steady-state
levels (or more appropriately in some cases, our rep- exists, whereMp is a diagonal matrix with diagonal
resentations for the long term average levels) of the elementsn; (the other diagonal matrice$p and7'p
various populations in the trophic chain. as defined above) and then the matﬂ;x of feeding

The theorems stated below allow us to express the rate control coefficients associated with a particular
growth coefficients in terms of elasticity coefficients steady-statd > 0 is given by
and other specially defined matrices. In particular, with
respect to a steady-state solution- 0 (the inequality
applies element-wise with respect to the vedoe . oA .
©,...,0)) to Eq. (1) we define matricep, 7o, whenever the r_natm([+ Sx_ — S) is _mvertlble_.
and Gp to be diagonal matrices whose diagonal ele- A Proof of this theorem is given ilppendix A
ments are respectively the vectars f = f(x) and
g = g(f). Also, we do not limit our analysis to the
particular case/(x;_1, x;), but assume the general de- 1. If, asin MCA, we had regarded perturbations to the
pendencef;(x). On the other hand, we are more spe- total ratesv; = f;x; rather than to the per-capita
cific about the form of the growth functiong and, rates f;, then, fromEq. (7) our connectivity rela-
in particular, our first theorem relates to systems in  tionship(10) would have been written as
which growth is a linear function of extraction, viz. R

FY = o — s G o— Ce(Ey —8)=~—1L
gi(fy=rifi—mi,i=1,...,n. f\Ex

U+ -8 =-1 (10)

Notes

3.1 Connectivity Th i wth fundii The difference between the result presented here
-+ onnectivity Theorem [. finear growth functions and the standard MCA connectivity restft EY =

—TI is that in our treatment here the matfarises

Consider the:-species trophic chain . .
as a correction matrix because the raigs; are

dx; ) themselves not perturbed. If the maintenance re-
o rifixi — fivaxigr —mix;, i=1,...,n, lated parameters:; are zero then, in effect, the
(8) matrix S is 0, although a more detailed derivation

of the result than the one we present is required
where r; and m; are positive constants and the for the casen; = 0.
undefined quantityf,+1x,+1 is fixed at some con- 2. At any steady stat# > 0 obtained for the case
stant nonnegative value symbolically represented by % = f,11x,4+1 = 0, provided the parameters
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m; > 0, we have(r; f;%; — fij1%it1) = m%;,

159

dx;

=1 ...,
dr !

= gi(fi)xi — (12)

S

Sfir1xiya,

mnin

rira - rp—1f1x1

mn),en

ror3- - rp_1fox2

MpXn

i = 1,...,n. These relationships imply that the
matrix § has the form
mixy maXz My—1%,-1
rifift rrafiia rir2 - a1 f1f1
0 maXa My—1%,-1
rafok2 rarg-- -1 fak2
S=
0 0 mn,\—l)en—l
rn—lfn—l)en—l
0 0 0

Further, it is easily seen that all the elementsSof
are positive and that all rows ¢f sum to 1 (also,
see point 3 below).

3. This connectivity theorem applies more generally Cf(5 + (5g

to the equation

(:j—t =RXp-f—-—Mp-x

for invertible, but otherwise arbitrark. Defin-
ing1 = (1,...,1), the steady-state equation
associated with this model (note in this model
fat+1xn+1 = 0), as commented under Note 2,
satisfies

S-1=1

from which it follows that
ciel - 1=-1. (11)
More specifically, the latter in detail is

Xi
C 8xk—— y

j=1k=1

i=1...,n

which relates to the effects of all on a particular
x; through all functionsf;.

3.2. Connectivity Theorem Il: nonlinear
growth functions

The matricesC’} of extraction rate control coeffi-
cients andC;, of growth rate control coefficients for
the trophic chain

rn—lfn—lxn—l
MpXn

T'n fnin

for constanti = f,11x,.1 # 0, are given by solutions
to the equation

DI -D)=— (13)
and
Ce (€]

-l +1-1=-1 (14)

At some steady-staté > 0 (the inequality app-
lies element-wise with respect to the vector =

O, ...,0)), where
01 0 0
0 0 1 0
r=1: :: —
0 00 -.---1
0 00 -.-.-0

provided the matrlcesgg —T) and ((Eg YA
+ I — T) are invertible.
A proof of this theorem is given iAppendix B

Notes
1. FromEgs. (13) and (14)it follows that
N~

2. If h = 0, then at a steady state satisfying> 0
it follows that g, ( f,) = 0, which implies that the
elasticity coefﬂmentg” is undefined. The theorem,
however, holds for arb|trar|Iy small. Further, the

CE = Ch(E -
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results are not explicitly dependent on the value of
h, but only on the values of as influenced by:.
Thus, the theorem also holds/at= 0.

. In matrix notation, recallinge = (x1,...,x,)’
and Xp is a diagonal matrix with elements
x;,i = 1,...,n on the diagonal, for the case
h = fu+1xn+1 = 0 our generalEq. (1) can be
expressed more generally in terms of the feeding
and growth functiong (x) andg(f) and am x n
matrix of constantg” as

C;—t = Gpx — TXpf,
where the diagonal elements of the diagonal matrix
Gp are the functiong;(f;). The special case of
Eq. (12)is obtained by assuming@ is the up-
per diagonal matrix given above. For general
however, the theorem generalizes to

(15)

crel + & — Lyt - L) =-1
and
CEEs - Dl +1-L)=-1

wherel = (XpGp) 1T XpTp. In this more gen-
eral case, however, the matrik in the above
expression cannot be replaced by the mattjpas
it can whenT is upper diagonal with unit entries,
as defined in the theorem.

. When the growth rate is simply proportional to
the feeding rate, theﬁf;: = I, and the theorem
reduces to

el +n=-1

provided the matri>(€,{ + I) is invertible.

The two connectivity theorems demonstrate that
each control coefficient is expressed by the corre-
sponding element in the inverse of a matrix that
essentially is the sum of the identity matrix and the
matrix of elasticity coefficients, corrected for losses
not balanced in the equations (viz. in Connectivity
Theorem |, natural mortality flows to detritus pool
that is not included in the model, or, in Connectivity
Theorem I, losses not explicitly accounted for in
modeling the growth rate as a function of the feeding
rate). Further, the theorems elucidate how control in

WM. Getz et al./ Ecological Modelling 168 (2003) 153-171

a trophic chain depends on the feeding and growth
rates of all populations in the chain rather than by
just the population above and below the population of
interest. Calculating the actual values of the elasticity

coefficients (i.e. the elements 6{ and Sfc) and of

the elements o8 (linear case) and of. (nonlinear
case) requires knowing the values of steady-state
population densitiest. For specific systems, these
may be obtained experimentally, while fair estimates
of elasticity values may be obtained by guessing the
power dependence of functions on variables in the
neighborhood of the steady state. Also, for simple
systems (see below), analytical solutions are possible
in terms of system parameter values, otherwise nu-
merical solutions are necessary. Numerical solutions
decrease the utility of our theorems in the sense that
the numerical values for the control coefficient can al-
ways be obtained directly from numerical simulations
of how the system responds to perturbations in the
growth and feeding function parameters. For complex
problems, however, the utility of the theorems still
remains in allowing us to predict how the distribution
of control is affected by changes in the elasticities of
the feeding and growth rates.

4. Two species chains

Let x1(¢) and x2(¢z) represent the biomass density
of a primary producer and consumer in a two species
trophic chain, and lekg represent the buffered den-
sity of an underlying nutrient or free energy flux (e.g.
light) critical for the growth of the primary producer.
Our assumption thatg is buffered is just a way of
stating that extraction of this underlying resource
has no effect on the densityp, as perceived by the
producer. For systems in which resources are not
buffered, we would need to add an equation that de-
scribes the pool dynamics of the resousgeleading
to the more complex three-species trophic chain.

Focusing on the case of a buffered resourge
our general mathematical description of a two-species
trophic chain overlying this resource is

dxq

o g1(f1)x1 — faxo,

i g2(f2)x2 — h,

(16)

wheregi(f1) andga(f2) are per-capita growth func-
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tions, fi(xo,x1) and fo(x1, xp) are the per-capita to obtain the individual solutions
resource extraction functions, ah@d> 0 (k = f3x3) is

> . f2 - 2
a rate that allows for extraction of the second species (41 _ _ fx2(M1r2X1 + maX2)

by some process “above™ the chain (e.g. harvesting A Yiinear( f , S,{ )
by humans).
4.1. Linear growth functions = 22

1»”Iinear(jp, g){)
If we assume that the growth functions have the

linear form (Table 3 g;(fi) = rif; — m;, then the f2 A A
trophic chainEq. (16)becomes c’;i = (mara¥s + n;zxZ)
) Yiinear(f, &x )

dxq
= (r1f1 —my)x1 — faxo,

dr n . . .
dxs 2 (maraXx1 + m2x2) + maxz
E = (r2f2 = m2)xz = h. (17) & Viinear(f , 5:{)

In this case, if» = 0, positive steady-state solutions Where

(X1, X2)" are simultaneous solutions to the two equa- ~of fLF R R
tions Viinear(f . Ex ) = €47635(m1raX1 + max2)
A - m2 + (8f2 + sz)mzfz.
r2f2(x1, X2) =m2 = fo = — o
2 Also, taking ratios, and using the notatieﬁ/f2 =
L ) c’}i /cxf; it follows that

(r1.f1(x0, X1) —ma)x1 :

e e ~  mif1+ foka S o2 <1 m1r2£1>
= fa(x1, x2)x2 = f1 = BT T filf2 = x2 Moka
For this system and that
N A
rn -1 o o _&a max2
R=("} hLih =R <1+ f A 2 '
0 r €x1 &xy (M1raX1 + max2)
and (seeEg. (9)and Note 2 inSection 3.): If m1 is negligible (i.e. if the overwhelming cause
A R of prey death is predation), then
. ranixy moXx? oo
S=| romiX1+mofy romify+maiy |- €~ (18)
and
. /1
Noting that f1 = fi(xo. x1) = &/t = 0, the con- 2 A En + 1' (19)
trol coefficients in terms of the growth parameters /2//1 8){5
r1, r2, mp andmsy and the remaining three elasticity

Verbal interpretation of these results are given in
Section 6

coefficientse/!, &/ ande/2 can be calculated by in-

verting the matrix (se&ection 3.}

romix1 mox2
~1-eft +

ramix1 + moXxp  romiXi + mox
f2 f2

—€x; —€xp

—1—&l+5=
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4.2. Hyperbolic growth functions

If we assume that the growth functions have the
hyperbolic form

i(f)=ri\1-—
8i(fi) r( f,)

then the trophic chain equations (16) become

dxq m1

bt 12 _

o 1 ( A ) x1 — fax2,

dxo mo

22 (122 - 2
a =2 ( % ) x2—h (20)

In this case, the positive steady-state solutignsxz)’

(more than one may exist, depending on the forms of

f1 and f>) are found by solving

(l—f—i)xl—fz)?z and rp (1—f—2)x2—h

For this system, it follows fronTable 2that the
elasticity matrix is given by

ma

fa—m2

The matrixT is simply

(o 9)

T =

00

so that the inverse-&/ — (5‘31 — D~ Y1 =T of the
control matrix C%., as stated in Control Coefficient
Connectivity Theorem Il, can be calculated in terms
of the hyperbolic growth parameters and m;, the
steady-state values of the feeding fu nctié”ms:md the
feeding function elasticity coefficients’;;, i,j=12

to obtain
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Inverting this matrix yields the individual control co-
efficients:

mi(—fp +ma(l— &f2))
Unyp(f2 ED)

xl

Ch=

F1(F2 = 2m2) — ma(Fo — ma(ell +2)

Ynyp(f. ED)

Xl

Cp=

2
v Exqmimg

B Yy(F. E%)

X2 mz(ml(l -

el — 1)
Whyp(j‘, 8}) ’

wherewhyp(f ef) = mlmg(l —elt el +

8x2 (8 1))+m1f2(1 8 8x1)+f1f2(1 8x1)+
f1m2(28x1 + 8x2 —-1).
Also, taking ratios we have

_ my(fo —mo(elk +2) — J1(J2 — 2my)

Xl

it ma(fo+ ma(el2 — 1)
and that
_fl + ml(l - 8x1)
B = Py

In most of the standard models, the feeding rate of
the prey does not depend on the density of the preda-
tor above it—i.eg{; = 0 (seeTable 1. This simpli-
fying assumption does not hold, however, if prey re-
duce their feeding rate by engaging in predator avoid-
ance behavior (e.g. foraging less regularly and at times
when predators are not around). In this case we would
expect f1(x) to depend negatively omy, in which
case the above expressions apply.

In the simpler case, where;; = 0 and we set
h = 0 (see Note 2Section 3.2—that is, the predators
have no natural enemies—it follows from the above

L_oh_J1 J1@ma— Jo) 4 mi(Fs —ma(el; +2)
(C )~ 1_ " mi mimp
—8{5 1- 8,{2 _J2

ma
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predator equation that, = my, so that the relative
effects of perturbations of the two feeding functions

163

Without loss of generality we can scale the units of
x;, i =0,1, 2, and of timer in a way that corresponds

on the steady-state values of the prey and predator 0 Setting the following four parameters to unity: =

reduce to
Cxl _ fl —m1
folfa mlsg
f1 .
d2 ot famm
f2/f1 8)]2 mlg){i

Additionally, if we now use the fact (from setting
Eqg. (20)to 0) that
5 mirixy

riXy — makz
it follows that (note in the first ratio we have inverted
the role of f1 and f2)

wo_p(fr 21
“hif = % (mz)ez 1)
and

f1

e 1
P G ) (22)
PR g le o f2(1 (11 mpia))

Verbal interpretation of these results are given in
Section 6

4.3. Beddington feeding and linear growth

Further insights can be obtained after specifying the
forms of the feeding functiong (x;—1, x;) in Eq. (17)
In particular, consider feeding functions having the
Beddington form Table 1. In this case the two

. . . C =
null-isoclines corresponding to nonzero steady-state /2

solutions to the equations are

1,52 =1,r1 =1 andrp = 1. With this dimensional
scaling, setting = 0, and reorganization of terms, the
null-isocline equations can be simultaneously solved
to yield closed form solutions expressed in terms of
the seven parametets, ¢;, m;,i = 1,2 andxg. We
denote these solutions by

X1 = &1(a1, az, c1, c2, m1, mp, xg) and
X2 = &2(a1, az, c1, c2, m1, m2, Xq).

Explicit solutions can be obtained in terms of surds
(specifically square roots), which then permits the con-
trol parameters to be calculated directly using the iden-
tity

w9 %

= — 5 .,.21,2.
ij 3 Baj L

This was done for the case; = 0 and the results
obtained compared with the results obtained using
Connectivity Theorem | to verify this theorem for the
particular case at hand (details of the algebra are not
shown, but were calculated using Mathematica 4.0).
Specifically, whetb1 = 1,0 = 1,r1 =1,ro =1, and

h = 0, but keepingn1 general, Connectivity Theorem

| produces the following expressions for the control
coefficients (details of the calculations are omitted:
expression were obtained using Mathematica 4.0):

c2(1+ xo + c1X1) (m1X1 + maxp)
mo(1+ xg + c1X1) + c1coX1(m1X1 + maxp)

—m2(1+ x0 + c1%1) (1 + X1 + c282)
ma(1+ xo + c1X1) + c1c2x1(m1X1 + moxo)

X1 __

‘p=

X1

(23)

da o %= (b2 + x1)(azrixo — ma(b1 + c1X1 + x0))

dr a(by + xg + c1X1) — ca2(arrixg — m1(by + c1X1 + x0))
d X h) (b X
£=0:>)?1= (mAzxz-i- )( 2+62x2)' (24)

dr Xo(aorp —mo) — h

Also, the elasticity matrix for the Beddington form
(seeTable ) is

—c1X1 0
f _ | b1+ c1x1+x0
& = by + c2x2 —C2x2 (25)

by + coXo + X1 ba+ coXo + X1

A+ x0 + c1X1) (A + c2x2) (m1X1 + m2X2)
X2(m2(1+ xo+c1X1)+ crcoX1(m1X1+ moxo))

X2

Cp=

(c1m152 — moaRa(1+ x0)) (L + £1 + c2k2)
£2(m2(1+ xo+ c1%1)+ crc2f1(m1f1+m2x2))

X2
c
f2

We now see that the relative importance of the func-
tions f1 and f> in controlling populations 1 and 2 is
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given by the expressions
_ c2(maX1 4 m2x2)
ma(1+ x1 + c2X2)
(L4 x0 + c1X1) (1 + c2X2) (m1X1 + mo%z)
(Clml)e% —mox2(1+ x0)) (1 + X1 + c2X2) '

X1 _
Crip =

X2

rifp =

Note that these expressions imply that whenever the
functional responsgf, is Holling Type Il (i.e. pure
resource dependence because= 0), thenc’}i =0

andc)}l = 0. At first, it may seem paradoxical that
the prey feedingf; has no effect on its own density
x1, until we recall that the consumer (predator) has
a vertical null-isocline where, 0. In this case,

it follows that the predator null-isoclingq. (24)is
(recall we have seby = 1, b =1, r1 =1, =1,
andh = 0)

azxy
1+ %
Thus, for the case where predator interference com-
petition is absentdg = 0), the prey feeding ratef{()
has no influence on the prey density Y and conse-
quently the corresponding control coefficient is zero
(cﬁ =0).
For generak,, the predator null-isoclin&q. (24)

for the caseby = 1,bo = 1,11 =1,rp = 1, and
h = 0 can be rewritten as
cok2 _ (a2—m2) 1

£

mo

=my=> f1 = .
az —ma

— (26)
mo X1
If we now assume that the overwhelming number of
prey deaths are due to predation (ia. ~ 0) then the

prey null-isoclineEq. (23)reduces to
. (1+ X1)aixo
az(14 c1x1 + Xo) — cza1xo’

The coefficient denoting the relative control by preda-
tor and prey feeding rates on prey density reduces to

Cc2X2
1+ x1+ cax2

which provides no additional insight compared with
Eq. (18) For this case, however,

.
= sz

X1 _
Crifp = (27)

sz A4xo+af)d+ el
N2 (14 x0)(L+ %1 + c2%2)

(12 (0

X1
1+ X1+ cok2

c1X1
1+ xo

).
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Using Eq. (26) it now follows that

o _m
hip = <1+ )(1 az)-

Note that the denominator of the Beddington feed-
ing function in this case ig1 + Xo + c1x1). Thus,
the first term in the above expression fﬁﬁ is
increased from unity in proportion to the ratio of inef-
ficiencies in resource exploitation due to intraspecific
competition ¢1x1) and due to resource limitations
((1 + xo)—the value of 1 appears in this term be-
cause in this casé; = 1). The second term in the
above expression foa“‘fi is decreased from unity
by the ratio of the predator metabolic breakeven
value (n2) to the predator maximum feeding rate

(a2).

c1X1

2
1+ x0 (28)

4.4. Beddington feeding and hyperbolic growth

For systems with specific growth and feeding func-
tions, general results are difficult to interpret when
the number of free parameters is greater than three or
four. This is why, as in the previous section, we resort
to analyzing special cases obtained by setting some
of the parameters to zero. As the systems become
more complex, either because the feeding and growth
functions each contain three or more parameters, or
the number of interacting species is greater than two
or three, numerical methods can be used to obtain in-
sights into questions of control. Here, for purposes of
illustration, we consider how numerical methods can
be used to analyze control in prey—predator systems
with hyperbolic growth functions and Beddington
feeding functions.

A prey—predator system with hyperbolic growth
(Table 9 and Beddington feedingTéble 1) is mod-
eled by the specific set of equations (i.e. insert
the specific growth and feeding functions Hq.

(16))
dxy ( m1(by + c1x1 + xo))
— =r 1-— X1
dr aixo
asx1
- X2,
by + coxo + x1
d b
&2, <1_ ma( 2+sz2+xl)>x2 —h. (29)
dr asxy
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Control in this model was investigated with respect to dxp 0
the parameter set TR

r1(b2 + x1)(a1xo — m1(b1 + c1x1 + x0))

7)-= {aly a27 bla b27c].9627h5m15m25 rla r27x0} =
aiazxo — rica(aixo — m1(by + cix1+ xo))

using the following parameter values as our baseline

for our numerical simulations and calculations:
Prase= {1, 1,5, 20, 2, 10,0, 0.1, 0.5, 8, 2, 100}. maraxa(bz + c2x2)

roxz(az — mp) — axh

dxo
—_— = O =
ar = X1

Numerical simulations were carried out using a
Runge-Kutta 4 method of integration with step size of 2. Numerically calculate and invert the matrbey —
At = 1/16 implemented using the software simula- (5§ -D7tU-D.

tion program Berkeley Madonna 8.0.2. For this set of
parameters, the equations have a steady-state solutio
(rounded to four digits)

Note, the matrixT is specified in the statement of
rbonnectivity Theorem Il and, the elasticity matﬁ;(

- is given by expressiof25), and the elasticity matrix
X = (4445, 42.45). for the growth functions is (se&able 2

m1(xg + b1 + c1%1)

~ 0
aixg — mi(xg + b1 + c1X1)

g
y

ma(X1 + b2 + c2%2)

0 — — =
azxy — ma(x1 + b + c2X2)

As the parameter increases from 0 to 10.16, the The values so obtained were identical to five deci-

prey steady-state density increases very slightly to mal places with the values of the matrd}gc given

x1 = 4455, while the predator steady-state density above.

decreases to, = 21.45. At h = 10.17, these steady As the value ofh increases from 0 to 10.16, at

states are no longer stable. This type of bifurcation which point the equations are no longer stable, the

to instability is typical of systems subject to constant value of the control coefficientsxi and ¢'? slowly

harvesting(Getz and Haight, 1989) increase until they have doubled their vaTue between
The control coefficients were calculated with 4 = 8andh = 9. Beyond this point the values increase

respect to the baseline parameterBgise except for hyperbolically to become infinite when the bifurcation

h which was set t& = 0.01. In particular, the control  to instability occurs. On the other hand, the control

coefficients&‘i and cxi were obtained fronEqg. (6) coefficients&i andc’! slowly decrease with the first

by respectively calculating the change in the prey coefficient hardly changing in value of over the whole

(x1) and predatorx>) densities for a perturbation in interval until within 0.0005 of the value df at which

the parameter;; from 1 to 1.00001. Similarly, the  bifurcation to unstable equilibria occurs.

control coefficientsc’! and ¢’2 were obtained for a

perturbation in the parametes from 1 to 1.00001 to

yield the control matrix 5. Discussion
ox 111775 —0.01406 The value of analyses are limited by the degree to
f—\ 117071 208027 )" which the models of the processes being investigated

capture the essence of those processes. Consequently,
MCA may be intrinsically more powerful than the
TCA presented here merely because biochemical ki-
netic models are more able to capture the dynamics
1. Calculate the steady-state values from the two of biochemical networks than population models are
null-isocline equations able to capture the dynamics of foodwebs. Foodwebs

The same values were obtained directly from the
formula given in Connectivity Theorem |II, using
Mathematica 4.0 to
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are far more complicated than biochemical networks Case 1 (Prey—predator interactions—linear depen-

because stoichiometric principles cannot be applied dence of growth on feeding). Consider a prey—predator
in quite the same wayGiersch, 1995)-although systems in which the per-capita growth rate of the

stoichiometric principles have been invoked in under- prey in exploiting a buffered (i.e. constant density)

standing growth rates and C:N:P ratios in the tissues resource is proportional to its feeding rate minus

of organisms as a function of the relative availabil- losses to predation, and the per-capita growth of the
ity of phosphorus in various ecosystems (&&ser predator is proportional to its feeding rate minus its

et al., 2000and the references therein). An additional natural death rate. In such systems, control of the
complicating factor is that individual animals have a prey feeding rate relative to the predator feeding

vastly richer repertoire of behaviors than molecules. rate on:

At this time, the TCA methods presented here
provide the most coherent quantitative theory for an-
alyzing distributed control in trophic chains. Thus,
we need to use this tool to obtain whatever insights
we can into questions that have interested foodweb
ecologist for the past 4Pyears. For example, the
numerical study in the previous section illustrates
how TCA provides a complete characterization of ®
the impact of perturbations to feeding rates on the
long term densities of populations at various levels
in a trophic chain (i.e. after the transient effects of
the perturbations have disappeared). Thus, in the spe-
cific 2-trophic interaction analyzed iSection 4.4
the resulting four numerical values (rounded to two

fa X X X
d.p.)x—that 'Scfi - 112, Cfi - __0'01' Cfi =117, Case 2 (Prey—predator interactions—hyperbolic de-
andc’? = 2.08—imply the following: pendence of growth on feeding). Consider prey—
e A (small) unit increase in the per-capita feeding Predator systems in which the per-capita growth rates

rate of the prey results in a 112 and 117% unit Of both the prey and predators populations are hy-
increase in the long-term prey and predator densities Perbolic functions (sedable 9 of their respective
respectively. per-capita feeding rates. In such systems, the relative
e A (small) unit increase in the per-capita feeding control of prey and predator feeding rates is negative
rate of the predator reduces the long-term density On:
of the prey by a mere 1% of a unit, but results in a
208% unit increase in the long-term density of the
predators.

e prey density is equal to the value of the elasticity
coefficient of the predator feeding rate with respect
to predator density (i.e. equa&§§—interpretation

of Eq. (18) so that, essentially, changes in preda-
tor feeding efficiency or levels of satiation have no
effect on prey density;

predator density is negative—with prey feeding
exercising positive control and predator feeding
negative control—and approximately equal in mag-
nitude when, at steady-state, the prey is satiated
but the predator is food limited (i.e. in this case

s,’:f ~ 1) (interpretation oEq. (19).

e prey density and is proportional to the elasticity
coefficient of the predator feeding rate with re-
spect to predator density multiplied by a factor
representing the excess of the ratio of the gross
resource conversion rate of the prey (igr;) to

This information could not be guessed ahead of time,

but emerges through TCA analysis because of the

nonlinearities in the system. the metabolic maintenance rate of the predator (i.e.
Beyond providing a method for conducting a global ~ m2x2) (interpretation ofEq. (21).

analysis of distributed control of population densities e predator density and is proportional to the ratio of

by feeding and growth processes occurring at each the prey and the predator elasticities with respect

level in a trophic chain, TCA also provides a con-
trol and elasticity coefficient vocabulary for concep-
tual discussions of foodwebs. As examples of this, we

recast some of the mathematical results obtained for

the different cases considered $®ction 4 in terms
of control and elasticity coefficients.

to prey density with a correction to this amount

equal to the inverse of the product of the elasticity
of the prey and one minus the ratio of the gross
resource conversion rate of the prey (igr1) to

the metabolic maintenance rate of the predator (i.e.
moX2) (interpretation ofEq. (22).
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We cannot apply the theory developed here directly | other words, despite the limitations in applying any
to a trophic cascade hypothesis that posits the idea thatanalytical methods to systems as complex as food-
each trophic level of a foodweb is inversely related in \yebs control analysis has much to offer ecologists.
magn?tude to the trophi_c level above and directly in First, control analysis provides a framework for
magnitude to the trophic level below. The reason is assessing the degree to which any selected process,
that the trophic levels are state variables rather than conceptualized at the level of resolution of the system
processes or parameters that affect processes, so Qescription (in our case feeding and growth func-
change in their density represents a perturbation from tions), controls steady-state values of the system. It
steady state that ultimately leads to a return to the proyides understanding of how local processes trans-
original steady state. Thus any trophic cascade hy- |ate through their elasticity coefficients into global
pothesis should be couched in terms of perturbations gffects. In the case of systems that vary over time, pro-
to process rates as a whole or parameter values thalijed the coefficient of variation is relatively small,
determine process rates. (An implementation of this tne results obtained here may be interpreted in terms
would be if one population is replaced by another due ¢ long term population averages over time and space
to anthropogenic or natural causes, such as mutations,gtnher than steady states that do not exist.
where the feeding or growth rates of the new popula-  second, even if the background environment fluc-
tion are different from those of the old population.)  t,ates on a seasonal basis (i.e. process parameters
From the theory presented in this paper, it is clear are periodic functions of time), then control analysis
that a way to couch a trophic hypothesis consistent provides a first approximation to assessing the degree
with the theory is to articulate it in terms of how per- 5 which each factor controls the long term average
turbations to processes at one level in the trophic chain \5)yes for each population. The smaller the fluctua-
alter trophic levels not directly linked by that process. tions, the more valid this approximation. Obviously,
Thus, for example, one might speculate how an in- it fiyctuations are relatively large compared with the
crease in per-capita carnivore consumption rates will gyerage values (i.e. the coefficient of variation is close
affect the density of plants eaten by the intervening g or greater than 1), then nonlinear effects degrade
herbivore population. A full analysis of this question approximations of average values as represented by
is beyond the scope of this introductory presentation. 5 deterministic model (i.e. a certainty equivalence
principle fails because of the nonlinear nature of the
model—e.gGetz, 1978.

6. Conclusion Third, and most importantly, the value of control
analysis applied to foodwebs or ecosystems critically

Metabolic control analysis provides a powerful tool depends on the validity of the equations used to model
for understanding and manipulating metabolic path- the systems of interest. Thus, as better models and
ways embodied through biochemical netwofkell, equations are formulated in the future, the methods
1996; Snoep et al., 2002; Ortega et al., 20@) any discussed here can be applied to these new equations
measure, organisms are considerably more complexto obtain an assessment of the relative importance
than molecules. Thus, we cannot expect a relatively of processes modeled by those equations that deter-
compact system of ordinary differential equations— mine the long term average values of system variables.
such a€q. (2)or (1)}—to provide anywhere as precise Note that analytical results for states of systems vary-
a description of an ecological network, as it can of a ing with time, even though more difficult to express
biochemical network. Concomitantly, we should not than for systems at steady state, have been obtained
expect control analysis applied to models of foodwebs in a limited way for oscillating biochemical networks
to be nearly as powerful a tool as it is in biochemical and even networks relaxing to their steady-state val-
network analysis. Nevertheless, control analysis pro- ues over timgHeinrich and Reder, 1991; Kholodenko
vides a useful tool, perhaps more useful than any other et al., 1997; Reijenga et al., 2002)
tool currently available, for understanding how differ- Trophic chains provide a particularly convenient
ent processes in foodwebs and ecosystems influencestructure for connectivity theorems because the num-
populations not directly impacted by those processes. ber of feeding and growth functions is equal to the
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number of species in the chain. This results in square statement of the theorem. In the above equation replace
control matrices that usually have inverses. More the functionsf; by 4; f; and consider perturbations of
complex webs in which individuals feed on more than A; in the neighborhood of 1 and of the steady-state
one species or are the prey of more than one preda-solutionx: i.e. we are interested in the approximations
tor, or webs that lack a well-defined trophic structure
because of omnivory or mutual predation (e.g. large 20.)) ~ 2D + d_x
individuals in a two species interaction may eat the j
small individuals of the other species, as is the case
for interactions of some piscivorous fish) often re- Thus, consider the derivative of the above dynamic
quire multiple subscripts to conveniently characterize €quations by, i.e.
the foodweb (e.g. se6iersch, 199% This increase
in notational complexity makes the development and d [dxz} o iy
: el e —i‘uf/xj+2r|kfk—

statement of theorems more complicated. Such im- dx; | dr
pediments can be overcome in developing theorems
for more general networks, as we have done else- + ZrukaZ%% _ %
where(Westerhoff et al., 2002, in preparatiomut at ox; di; di;
the expense of some transparency associated with the
simpler characterization of a trophic chain compared At a steady-state solutio, the above equation
with a general foodweb. can be written in matrix terms as (recall thgs is

Finally, in a nutshell, we have derived tools for defined to be the diagonal matrix with elemerften
analyzing control and trophic chains, as well as the diagonal)
demonstrated how these tools provide a vocabulary
for talking about control in trophic chains. This vo- [id_x} —0=RXpTp + R)A(DTDC)}
cabulary allows us to refine the concept of top-down [dA df |, _;,
and bottom-up control in trophic chains and to dis-
cuss less ambiguously than before how the relative

strengths of control by the various processes are colecting terms in the control coefficient matrix, this
distributed throughout the chain or network. reduces to

(j—1).
rj=1

+ R)?DfDE,{Cx —MD)?DC‘}.
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Hence, if the matrix/ + 5,{ — §) is invertible, then
Appendix A. Proof of Connectivity Theorem | A

PP 4 =—(+el -9
We prove the theorem for the more general sys-

tem of equations (see Note 3 after statement of the and post-multiplying both sides, we obtain the sum-

mationEq. (10) thereby proving the theorem

theorem)
dx n .
il thkak mix;, i=1...,n, Appendix B
where the matrixR of elementsrj, i, j = 1,...,n, Following the same procedure as Appendix A

yieldsEg. (8)when it has the special form giveninthe we prove the theorem for a general matfix and
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vector of constanté = (hq, ...
the derivatives of (cfEq. (15)

, hy), by considering

dx; "
= xigi i fi) — Y etk fi(x) —

dr k=1

by A; evaluated ath; =
solutionx: i.e.

d I:dxii| -0
dhj L dr Jp -0t

d
[dA 8i (Ap f(x)) xi

1 and at the steady-state

Ztukakkfk(x)]
rj=1x=x

/kl

where Ap is the diagonal matrix with elements.
First consider

Z likXihk fr(x)

jkl

= tijx; fi(x)
r=1

n Zt.k—fm) + Zt.kxk Z o ji

which evaluated at = x yields

= (TXpTo)j
A=1
(TXDTDC )” + (TXDTDE Cf)”

Ztuka)»kfk(x)

]kl

where Tp is the diagonal matrix with diagonal ele-
mentsf.

Next consider
d 0gi
—&i(Ap f(x))x; = Xi_fj
di; et O
n
0g; afy dx, dx;
i ; i 4 Z ox, dr; | Ean,

which evaluated at = x yields

d
_gl(ADf(x))-xl

GpXp&s
O = (GpXp

f)IJ

=1
+ (GDXDSf«&{C’})ij + (GDXDO})W
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The second equation of thesppendices A and B
implies that we should equate the right-hand sides of
the last two equations to obtain:

GoXo(Es + ghelcy + %)

= TRpTo( +C% + ELCH).
L AGD}A(D is_invertible, and we definel =
(GpXp) T XpTp then

& v eheles v ot =L+ Les + Lelcy.

Collecting and rearranging terms contaﬁ? implies
that

(&% - el v —-iyex = —(% - L.

If the matrices(€% — Lyand((& - D&l + -1y
are invertible, therieq. (13)is obtained.

Note that for the casg; =0,i=1,....,n—1, it
follows from the steady-state conditions that

_— =1,
x,gl(f,( ) £ Zt'kxkf k(x) =

foralli _l,..., -1

From this, it follows for the trophic cascade which
satisfiest;;41 = 1, and#; = 0, whenj # i+ 1,
that if i = 0,i = 1,...,n — 1, that L;;11 =
(tiiv1%i41fi41)/8:4 = 1 and thatlj is otherwise 0.
This implies for the special case of the trophic cas-
cade, irrespective of whether or not= h,, = 0, that

L = T, proving the theorem.
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