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ABSTRACT Two theoretical formalisms are widely used in modeling mechanochemical systems such as protein motors:
continuum Fokker-Planck models and discrete kinetic models. Both have advantages and disadvantages. Here we present a
‘‘finite volume’’ procedure to solve Fokker-Planck equations. The procedure relates the continuum equations to a discrete
mechanochemical kinetic model while retaining many of the features of the continuum formulation. The resulting numerical
algorithm is a generalization of the algorithm developed previously by Fricks, Wang, and Elston through relaxing the local
linearization approximation of the potential functions, and a more accurate treatment of chemical transitions. The new algorithm
dramatically reduces the number of numerical cells required for a prescribed accuracy. The kinetic models constructed in this
fashion retain some features of the continuum potentials, so that the algorithm provides a systematic and consistent treatment
of mechanical-chemical responses such as load-velocity relations, which are difficult to capture with a priori kinetic models.
Several numerical examples are given to illustrate the performance of the method.

INTRODUCTION

Dynamical studies of molecular motors fall roughly into three

categories. Molecular dynamics (MD) purports to follow the

motions of all of the atoms by solving Newton’s equations

using a variety of semi-empirical potential functions that

model the forces between atoms (see, for example, Refs. 1–

3). At the other extreme, kinetic models of motor dynamics

describe the Markov transitions between a discrete set of

states. For example, the status of a catalytic site of an ATP-

driven motor is frequently represented by four occupancy

states: Empty (E), ATP bound (T), ADP/Pi bound (DP), and

ADP bound (D). Transitions between states are given by rate

constants that may be force-dependent via an exponential

Boltzmann factor. A kinetic model is usually based on the

assumption that the configuration space is divided into

discrete regions (i.e., potential wells), which are separated by

rather high potential barriers (4,5). The consequence of high

potential barriers is that the system spends most of its time

diffusing within the potential well, and barrier-crossing

transitions happen rarely, but instantaneously (6). Quite

often the assumption of high potential barriers breaks down

for molecular motors. For example, a unique feature of

molecular motors is that one mechanical degree of freedom

is coupled to the chemical reaction. Under high load, when

the motor is performing mechanical work, motion along this

mechanical coordinate may be slow compared to other dy-

namical processes in the system. In a theoretical treatment of

the mechanical responses of a molecular motor, such as its

load-velocity curve, the mechanical coordinate requires more

detailed treatment. Kolomeisky and Fisher (7,8) developed

an interesting and important generalization of the kinetic

model approach applied to molecular motors by introducing

some extra kinetic states along the mechanical degree of

freedom. (It will be clear regarding the physical meaning of

these states, and the relation between the generalized kinetic

models and continuous models later in this work. Please note

that, in the following discussions, we call it the ‘‘generalized

kinetic model’’ to distinguish it from the ‘‘chemical state-

only kinetic model’’.) Another alternative is to treat some

degrees of freedom continuously as in the Fokker-Planck

models discussed below.

The third approach to model molecular motors is inter-

mediate between all-atom MD simulation and discrete state

kinetic models. If one can identify collective coordinates that

capture the major conformational motions of the protein,

then the mechanical forces driving the system along these

coordinates can be captured by a set of potential energy func-

tions defined for each chemical occupancy state. These

potential energies can be inferred from the molecular struc-

tures, and capture the relevant features of the protein geom-

etry. Then the dynamics is studied by solving the continuous

governing equations, which consist of Langevin equations

along the geometrical coordinates and kinetic (Markov)

jumps between the potentials. Thus the Fokker-Planck for-

malism replaces the discrete states of kinetic models with

continuous potential functions defined on geometrical co-

ordinates that represent the major conformational motions of

the protein. We shall refer to these as Markov-Fokker-Planck

(MFP) models.

We shall not discuss MD simulation here. The Fokker-

Planck equations can be formally obtained from the complete

dynamical equations of the system (as in MD simulations) by

selecting some primary degrees of freedom, projecting out all

the remaining degrees of freedom, and introducing some

physically well-justified approximations (9). As studied in the

field of chemical dynamics, kinetic models are obtained by
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approximating the underlying continuum dynamics of the

system using a set of discrete states (6,10). As a classical

example first studied by Kramers, the dynamics of a double-

well system embedded in a heat bath can be described by

a single Fokker-Planck equation. By choosing a dividing

surface that separates the system into two regions, transitions

between these two regions (states) can be approximated by

a rate process, and the rate constants can be obtained from the

Fokker-Planck solutions. From the viewpoint of numerical

computation, kinetic and MFP models are not completely

distinct. The master equation for kinetic models consists of

systems of ordinary differential equations, whereas MFP

models are systems of partial differential equations. When

discretized in numerical simulations, both kinetic and MFP

models can be reduced to discrete Markov chains, and then the

distinction resides in the number of Markov states one assigns

to the geometrical coordinates. However, most kinetic models

are constructed by selecting the kinetic states a priori, based

on biochemical observations, or on an intuitive picture of the

protein’s motions. MFP models force one to deal more

explicitly with the conformational motions, and thus make

closer contact with the actual protein geometry. This greater

fidelity comes at the cost of having to deal with a continuous

geometrical coordinate which, in simulations, is usually dis-

cretized into many Markov states (11).

Here we present a new algorithm that generalizes the nu-

merical algorithm developed by Wang et al. (11) for solving

the MFP equations. The new algorithm reduces the continuum

MFP equations into much simpler discrete jump models, yet

retains many of the advantages of the former. This work is

motivated by the requirements: first, it is computationally less

demanding than the old algorithm of Wang et al. (11); second,

it provides sufficient treatment for the mechanical degree(s) of

freedom. The latter is particularly important when the slowest

dynamics is mechanical rather than chemical transitions—a

situation likely confronted in single molecule experiments,

where the motor operates under a large viscous load, or a large

load force is applied to the motor. However, even in the case

where the chemical transitions are rate-limiting, phenomena

may arise that are counterintuitive and difficult to capture in

a simplistic kinetic model. For example, load velocity curves

may not be monotonic, and increasing the load in a range may

actually increase the motor velocity (12). An example of

nonmonotonic load velocity relation is given in Numerical

Examples.

KINETIC AND
MARKOV-FOKKER-PLANCK MODELS

Kinetic models represent a system by discrete states, with the

dynamics governed by ordinary differential master equations

of the form

dp
dt

¼ Kp: (1)

Here p is a normalized vector containing state occupation

probabilities, K is the transition matrix with its off-diagonal

elements kaa9 giving the chemical transition rate from statea9

to state a, and the diagonal elements given by kaa ¼
�+

a9 6¼a
ka9a: Assignment of the kinetic states is usually

based on chemical considerations. For example, an ion

binding site can be in either an empty or occupied state (13),

and a catalytic site of an ATPase can have different nucleotide

binding states (4,14). Although Eq. 1 is an evolution equation

for the probability vector, the stochastic evolution of an

individual system (jumping between the discrete states) is

also governed by the transition matrix and can be simulated

numerically. Although it is natural to model the occupancy of

a catalytic site using a set of discrete states, the mechanical

motion is continuous and it is not clear whether a large

conformational change can be modeled simply as a chemical

transition. To describe the mechanical nature of molecular

motors, introduction of some intermediate states becomes

necessary. For example, an ATP-binding power-stroke can be

modeled by transition from a weakly bound state to a tightly

bound state. Fisher and Kolomeisky go further along this line

by introducing more kinetic states along the mechanical

coordinate to describe more subtle mechanical responses of

the system (7,8). They have applied this method successfully

to describe the statistics of kinesin and myosin dynamics

(15,16).

Next we turn to continuum descriptions. Proteins live in

the world of low Reynolds numbers where inertia can be

neglected. The timescale of inertia is the time it takes for the

motor to forget its current velocity due to friction. For

example, the inertial timescale of a 1-mm bead in water is

;56 ns (17). The stochastic dynamics of a protein motor

generally takes place on timescales much longer than this,

and is well described by overdamped Langevin equations of

the form (9,18),

z
dx

dt|{z}
Viscous

drag force

¼ �V9j ðxÞ|fflfflfflffl{zfflfflfflffl}
Motor
force

� FLoad|ffl{zffl}
Load
force

1
ffiffiffiffiffiffiffiffiffiffiffiffi
2kBTz

p
f ðtÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Brownian
force

; (2)

where j is the current chemical occupancy state of the system.

Here x denotes a mechanical (geometric) coordinate and z is

a drag coefficient, related to the diffusion coefficient D by the

Einstein relation z¼ kBT/D (kB is the Boltzmann constant and

T the absolute temperature). The value Vj(x) is the potential of

mean force as a function of the geometrical coordinate, x,

whereas, in chemical occupancy state j, FLoad is the external

load force on the motor and f(t) is white-noise (the derivative

of a Weiner process). Chemical transitions can accompany

motions along the mechanical degree of freedom. The

Langevin equation (Eq. 2) is not closed. It governs the sto-

chastic evolution of the mechanical coordinate given the

current occupancy state. The dynamics along the chemical

coordinates of occupancy states is governed by a discrete

Markov model of the same form as Eq. 1, with transition rates

that generally depend on the system configuration, x (19). Let
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K(x) be the matrix of transition rates along the chemical

coordinates at position x. The off-diagonal elements kji(x) are

the transition rates from chemical occupancy state i to state j;
the diagonal elements are kjj(x) ¼�Si 6¼ jkij(x). The Langevin

equation (Eq. 2) coupled with a discrete Markov process with

transition matrixK(x) describes the stochastic evolution of the

motor system.

Brownian fluctuations dominate the dynamics of molec-

ular motors, and so its trajectory is stochastic. However, ex-

periments generally measure only the average quantities,

such as mean positions, velocities, and reaction cycle rates.

Average quantities can be studied more efficiently by fol-

lowing the evolution of probability densities that are gov-

erned by Fokker-Planck equations of the form

@rj

@t
¼ 1

D

@

@x

�
1

kBT

�
FLoad 1V9j ðxÞ

�
rj

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Motion due to the potential
and the load force

1 D
@

2
rj

@x
2|fflffl{zfflffl}

Brownian
motion

1 +
i

kjiðxÞri|fflfflfflfflffl{zfflfflfflfflffl}
Chemical
reactions

; j ¼ 1; . . . ; S: (3)

Here rj(x, t) is the probability density of the motor being at

position x at time t in chemical occupancy state j. The

Fokker-Planck equations and the Langevin equations are

equivalent (9). This framework has been applied in many

theoretical studies of real and generic molecular motors; we

refer the readers to Howard (4), Zwanzig (9), and Reimann

(20), and references therein.

Generally speaking, kinetic models are simpler than

continuum models. In some cases, analytical solutions can

be obtained (e.g., Ref. 8), which can provide valuable phys-

ical insight. In principle, the two frameworks—i.e., kinetic

models (especially the generalized kinetic models) and MFP

models—achieve equivalent descriptions if a large number

of kinetic states are included to emulate the continuous geo-

metric coordinate. However, the Fokker-Planck (MFP) models

have many advantages over a priori kinetic models despite

their greater computational complexity.

1. There are clear connections between the spatial potentials

in a Fokker-Planck model and the molecular structure so

that structural information can be inferred. We believe

that this is an important aspect in modeling protein mo-

tors, which is not easy to incorporate into an a priori

kinetic model. However, the potential-based kinetic mod-

els that we will construct below from MFP models can be

related to structural information.

2. The force-velocity relation is one of the most important

characteristics of a molecular motor. Below we will show

by an example that the force-velocity relation may be

nonmonotonic. Although such a nonmonotonic force

velocity relation is naturally accommodated within the

framework of Fokker-Planck models, it is not easy to

accommodate it in an a priori kinetic model without

referring back to the potentials from which the kinetic

model was constructed. In some treatments, one assumes

a simple form for the underlying potentials so that the

effects of the external load can be added to the rate-

constant expression analytically (13).

3. Motors like myosin may function in groups where

there can be cooperative effects so that the system dy-

namics is not a simple sum of single motor dynamics

(21,22). An a priori kinetic model for a single motor is

just a phenomenological model for the behavior of the

motor when it is not coupled to other motors. When two

or more motors are coupled, the multimotor system can

be described by another kinetic model. If the coupling is

weak, the overall kinetic states can be treated as a com-

bination of individual motor states. However, when the

coupling is strong (e.g., motors are tightly coupled by

a rigid filament), chemical states of individual motors

become less well-defined, as illustrated in Fig. 1. By con-

trast, in the MFP framework, treatment of the coupling is

straightforward.

4. In constructing an a priori kinetic model, one usually

makes implicit assumptions, which are not easy to

discern when revising the model in light of new data. For

example, all the possible reaction pathways may not be

treated. Consequently, one generally assumes the exis-

tence of a dominant reaction pathway (but see, e.g., Ref.

23); however, for multisubunit motors, this notion breaks

down. For example, experiments on helicases reveal

many broadly-distributed, concentration-dependent path-

ways (24). On the other hand, in MFP models all reaction

pathways are accommodated and none need be excluded

without justification, and the existence of concentration-

dependent pathways emerges naturally.

FIGURE 1 (a) Two rigidly coupled motors are driven by a set of two-state

potentials, V1 and V2. (b) The coupled motor system has four configurations.

Vij refers to the potential with the two motors in states i and j, respectively. It

is clear that if the dynamics of the coupled motor system are described by

a kinetic model, there is no simple relation between the rate constants of the

compound system and those of each individual motor.
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