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rotor site’s pKa values carries an energetic price: the proximity of a
rotor and stator charge creates an electrostatic force between the
rotor and stator that impedes its rotation.

The stator charges involved in proton transport are located on
adjacent a-helices in the a subunit. Therefore, we shall assume that
there are two rotor Asp 61 sites at the rotor/stator interface, as
shown in Fig. 2a. We shall also assume that the rotor sites are
accessible from the low- and high-pH sides through aqueous
channels in the stator11,14,16. Protons in the acidic reservoir have
access to the right-hand rotor site and protons in the basic reservoir
have access to the left-hand rotor site. We place the positively
charged Arg 210 stator residue in a position midway between the
two aqueous channels, and offset 0.52 nm out of the rotor plane.

Intuitively, the motor works as follows. First consider the situa-
tion when the positive stator charge is absent, which has been
discussed elsewhere6. The two rotor sites within the stator can be
protonated or unprotonated. When both sites are unprotonated,
the rotor cannot diffuse in either direction, for that would entail
moving an Asp 61 site into the bilayer. When the right-hand site is
protonated, the rotor can diffuse to the right unimpeded, but is
prevented from diffusing to the left by the other unprotonated site.
Conversely, when the left site is neutralized by a proton, it can
diffuse to the left, but not to the right. When both sites are
neutralized, the rotor can diffuse freely in both directions. When
the proton electrochemical potential difference across the mem-
brane tends to drive protons upwards with reference to Fig. 2a, the
rotor will diffuse preferentially to the right because the right-hand

site will be protonated more often than the left-hand site as it faces a
higher proton concentration. Thus, on average, protons enter from
the acidic reservoir, board the rotor and rotate to the right by one
full revolution, then exit to the basic reservoir when they re-enter
the stator from the left. However, this is not an efficient motor, for
when both sites are occupied, the rotor will be forced backwards by
the load torque, allowing protons to leak through to the basic
reservoir without performing any work. Indeed, we will show that,
without Arg 210, this biased diffusion cannot account for the
observed properties of the motor.

Now consider the situation when the stator charge is present.
When the right-hand site is protonated, half the time it will diffuse
to the right and enter the membrane. This brings a corresponding
charge into the stator from the left, where it can exit to the basic
reservoir. However, when the rotor diffuses to the left and
approaches the stator charge, its pKa will drop and it will promptly
relinquish its proton back to the acidic reservoir. Unprotonated, the
bare site is quickly pulled into apposition with the stator charge and
held in place against the load torque. However, a thermal fluctua-
tion can carry the site away from the stator charge far enough to
reprotonate from the acidic channel, whereupon the site gets
another try at diffusing to the right. The same cycle of events
takes place at the basic channel, but owing to the proton gradient,
the rotor’s diffusion is consistently biased to the right. The presence
of the positive stator charge prevents back-diffusion of the rotor and
couples the proton flux tightly to the rotor motion. This more than
compensates for the retarding effect of the electrostatic interaction,
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Figure 2 Charge geometry and movement of protons in ATP synthase. a, Face-on

view showing the relative locations of the stator and rotor charges and the proton

channels. The two proton reservoirs are connected by offset ‘half-channels’

which confer an asymmetry on the assembly6,14. Arg 210 is located on the a

subunit in a plane 0.52nm offset from the plane of the rotor. b, Markov chain

describing the four possible motor states and their transition rates, ki→j. E, empty;

F, full; L, left site occupied; R, right site occupied. White circles, unprotonated

Asp 61 sites; black circles, protonated sites.
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Figure 3 Properties of the ATP synthase rotor. a, Stochastic simulationof the rotor

motion when a protonmotive force of 220mV is imposed across the membrane

and a load torque of 41pNnm resists the motion. In the absence of Arg 210, the

rotor advances in steps, with occasional reversals (arrow), when protonscan leak

through the stator without advancing the rotor. When Arg 210 is present, the motor

suffers almost no reversals, and the amplitude of its stochastic fluctuation is

smaller. b, Angular velocity plotted against load torque for the motors with and

without Arg 210.
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and enables the engine to work more efficiently as both a motor and
pump. To justify this qualitative description of the motor’s opera-
tion, we must write and solve the equations governing the rotor
motion. Various aspects of this mechanism have already been
discussed qualitatively4,13,17–19.

Proton motions are much faster than rotation of the rotor. This
enables us to model the movements of the protons by transitions
between a set of discrete states (that is, a Markov chain20). As each
site can be protonated or not, there are four possible protonation
states of the assembly, denoted by s ¼ R (right), L (left), E (empty),
F (full), as in Fig. 2b. Each time a proton hops into or out of the
stator, or the rotor moves, the state switches, and in each state the
rotor experiences different torques.

We can neglect inertia and describe the rotation of the rotor by a
torque balance that includes thermal fluctuations21:

z2pΩðvÞ
|�����{z�����}

viscous
drag torque

¼ FEðv; sÞ
|���{z���}

electrostatic
torques from

the stator

þ FHðv; sÞ
|���{z���}

hydrophobic
torque from

the membrane

2 t
|{z}

load
torque
from F1

þ f ðtÞ
|{z}

brownian
torque

; s ¼ R; L;E; F

ð1Þ

Here 2pΩ ¼ dvðtÞ=dt is the angular velocity of the rotor, z is the
drag coefficient of the rotor, t is the load torque from F1, and f(t) is
the brownian torque from thermal fluctuations. FE(v,s) is the
electrostatic torque acting on the rotor from the interaction between
rotor charges and Arg 210. The hydrophobic force, FH, arises from
the potential barrier preventing the motion of an unprotonated site
into the membrane; this energy barrier is ,45 kBT. To compute the
torque generated by the motor, equation (1) must be solved
simultaneously with the Markov process governing the hopping
of protons on and off of the rotor sites.

The model equations were solved numerically using the para-
meter values listed in Table 1; the details of all computations are
given in Supplementary Information. Figure 3a shows a stochastic
simulation of the rotor motion when the proton flow through the
stator is driven by a protonmotive force of Dp,220 mV and the
rotor works against a constant load of 41 pN nm, which is equiva-
lent to the torque necessary to produce three ATPs from F1 per
rotation. We see that the motor progresses stepwise, each step
corresponding to the passage of one proton through the motor.

On average, 12 protons pass through the motor per rotation,
corresponding to 4 protons per ATP. The rotation is tightly coupled
to the proton flux because the presence of Arg 210 prevents leakage
of protons by back-rotation. Figure 3b shows a load–velocity curve
for the Fo motor. As rotation is tightly coupled with proton flow, the
motor efficiency increases roughly in proportion to the load. When
rotating against the ‘normal’ load torque from F1, the motor is
operating at ,60% efficiency. It is likely that the load from F1 is not
constant, so several other load patterns were investigated: our
general conclusions were unaltered.

The crucial role of electrostatic forces can be demonstrated
quantitatively by computing the motor performance with and
without the stator Arg 210 residue. In Fig. 4 we have plotted the
rotation rate of the motor as a function of the pKa of the rotor sites.
In the presence of Arg 210, the optimal motor performance is close
to the measured pKa value of 7.1 (ref. 22). In the absence of the stator
charge, the motor cannot develop any torque above pKa,6, and is
completely decoupled from the proton flux. To work without the
stator charge, the rotor pKa must be lowered to 4.5–5, close to its
solution value. In Fig. 3a we have plotted a stochastic simulation of
the motor in the absence of Arg 210 at a rotor pKa of 4.5. It operates
quite well, but suffers occasional reversals because it cannot resist
the load torque in the doubly occupied F state. Thus without the
electrostatic coupling induced by Arg 210, the motor is not as tightly
coupled to the proton flux. Moreover, to produce sufficient torque
at this low pKa the entry rate of protons must be at least 104 s−1,
because most protons promptly dissociate back into the acidic
reservoir (see Supplementary Information).

There is an additional constraint on the motor’s performance.
Under anaerobic conditions, the ATP synthase of Escherichia coli
reverses, using ATP hydrolysis to pump protons against a pH
gradient. To investigate the performance of the motor as a pump,
we assumed an ATP hydrolysis rate by F1 of 50 ATP molecules per
second23, an efficiency of 20% in converting this to rotary torque
(corresponding to a power input of 2pΩt), and a gradient of 1 pH
unit. The basic reservoir was maintained at a pH of 7.6 as this is the
value at which E. coli maintains its cytoplasm. Figure 4 shows that,
in the absence of Arg 210, the optimal pKa of the rotor sites is 3–3.5,
quite far from the optimal operating region for the motor. Above
pKa < 4:3, the motor can no longer act as a pump. Thus without
Arg 210, the motor is a poor proton pump. However, in the presence
of Arg 210, it performs quite well as a proton pump near the optimal
pKa for the motor. Therefore, omitting the electrostatic forces in
equation (1) prevents the motor from operating efficiently as both a
motor and pump. Moreover, the many protonation–deprotonation
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Figure 4 Solid lines show the rotation rate of the motor as a function of the pKa of

the rotor Asp 61 sites with and without the presence of the stator Arg 210 charge

when the load torque is fixed at 41pNnm. The optimum pKa for the motor

operating without Arg 210 is 4.5–5; in the presence of Arg 210, the optimum is 7–

7.5. Dashed lines show the reverse proton flux when the motor operates in

reverse as a proton pump. 200 kBTs−1 is supplied by F1 to rotate the g-subunit. In

the absence of Arg 210, the optimal pKa is 3–3.5, whereas in the presence of

Arg 210, the optimum is 6–7. These plots show that Arg 210 is necessary for Fo to

function as both a motor and a pump.

Table 1 Parameter values used in calculations

Parameter Value
.............................................................................................................................................................................

Proton diffusion coefficient (Dp) 9:3 3 109 nm2 s2 1

.............................................................................................................................................................................

Rotary diffusion coefficient of the rotor (Dr) 2 3 104 s2 1

.............................................................................................................................................................................

Dielectric constant of channel (ec) 10
.............................................................................................................................................................................

Dielectric constant of the membrane (em) 3
.............................................................................................................................................................................

Bilayer viscosity (h) 1 poise
.............................................................................................................................................................................

Height of rotor (h) 6 nm
.............................................................................................................................................................................

Shielding length of channel charges (1/l) 1.1 nm
.............................................................................................................................................................................

pHA (pH of acidic reservoir) motor, 7; pump, 6.6
.............................................................................................................................................................................

pHB (pH of basic reservoir) motor, 8.4; pump, 7.6
.............................................................................................................................................................................

‘Radius’ of the proton channel (r) 0.5 nm
.............................................................................................................................................................................

Radius of rotor (R) 5 nm
.............................................................................................................................................................................

Distance (Dx) between Asp61 residues, 2pR/12 2.6nm
.............................................................................................................................................................................

pH difference across the rotor (DpH) 80mV ¼ 3:2kBT
.............................................................................................................................................................................

Membrane potential (Dw) 140mV ¼ 5:6kBT
.............................................................................................................................................................................
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events that occur before a successful rotor movement require a high
entry rate for protons in order to generate sufficient torque.

The average electrostatic torque felt by the rotor opposes the
rotor’s motion, so that the field actually works against the motor.
However, this energy penalty is more than compensated for by two
beneficial effects: (1) the high pKa of the rotor sites holds protons
tightly and prevents futile protonation–deprotonation cycles: this
increases the effective proton supply to the stator; (2) by forcing the
rotor site to relinquish its proton when passing the stator charge, the
stator charge tightly couples the proton flux to the rotor motion.
This increases the effectiveness of rectifying the rotor’s diffusion,
and more than compensates for the additional work done by the
protonmotive force against the electric field.

We have presented a mechanism for transducing free energy
stored in an ion gradient into a rotary torque. Our analysis
delineates the quantitative conditions under which the structure
shown in Fig. 1 can actually generate the power required for ATP
synthesis. This mechanism has several attractive properties. First,
the motor can be reversed to form a proton pump, as in E. coli and
the V-ATPase proton pumps24. Second, the motor works as well
when other ions are substituted for protons: for example, the FoF1

ATPase of Progenium modestum, which is very similar in structure to
ATP synthase but operates on sodium ions rather than protons25.
Finally, the model provides an explanation for the effects of
mutations in the crucial rotor and stator amino acids10. In addition
to elucidating the mechanisms of torque generation, the model
provides a framework for integrating the kinetic, thermodynamic
and mechanical aspects of protonmotive energy transduction. M
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Energy Transduction in ATP Synthase: Supplement

1

Mathematical formulation of the F0 motor model

A. Markov chain model for the evolution of the rotor state
The four possible protonation states of the two rotor Asp61 sites at the rotor-stator
interface are:

Both sites empty (E) : (o  o)

The right site protonated (R) : (o  ·)

Both sites protonated (F) : (·  ·)

The left site protonated (L) : (·  o)

As protons hop into and out of the channel, the state of the two exposed rotor sites
changes. Figure 1 shows the transitions between these rotor states due to proton
hops. The Markov transition matrix corresponding to the transition diagram in
Figure 1 is:

K =

- +( )
- +( )

- +( )
- +( )

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

k k k k

k k k k

k k k k

k k k k

ER EL RE LE

ER RE RF FR

RF FR FL LF

EL FL LE LF

0

0

0

0

(1)

We assume that protons cannot hop between the Asp61 sites. At any fixed rotor
position, it takes two proton hops to go from state R (o  ·) to state L (·  o) (i.e. one
proton hops out and another one hops in). So there is no direct Markov transition
between R and L in Figure 1. However the transition between R and L can be done
by a rotation of the rotor (shown as dashed line in Figure 1). For example, when the
rotor is in state R (o  ·), a rotation to the right can push the protonated site on the
right into the membrane and pull a protonated site out of the membrane on the left,
which changes the rotor into state L (·  o).

In Figure 2, we plot the free energy change, DG(q, s), in the system as a function of
rotation angle, q, and rotor state, s, when one proton passes through the motor
producing a rotation of 2p/12 radian against a load torque of 41 pN-nm. The cycle
shown is the power cycle E ®®®® R ®®®® L ®®®® E. The protonmotive force across the
membrane is Dp = 220 mV (= 8.8 kBT). The work done by the proton against the load
torque is 41 pN-nm x (2p/12) = 5.2 kBT. The energy dissipated in the process is 8.8 -
5.2 = 3.6 kBT. In Figure 2, the free energy curve for state E at the end of the cycle is 3.6
kBT lower than the one for state E at the beginning of the cycle.
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Figure 2 Free energy change, DG(q, s), in the system as a function of rotation angle,
q, and rotor state, s, when one proton passes through the motor producing a
rotation of 2p/12 radian against a load torque of 41 pN-nm. The reflecting
membrane boundaries are denoted by solid rectangles. The cycle shown is
the power cycle E ®®®® R ®®®® L ®®®® E; other cycles shown in Figure 1 are not
power producing, and involve rotor slip and/or proton leakage. The
protonmotive force across the membrane is Dp = 220 mV » 8.8 kBT. The
work done by the proton against the load torque is 41 pN-nm x (2p/12) = 5.2
kBT. The energy dissipated in the process is 8.8 - 5.2 = 3.6 kBT, so the free
energy curve for state E at the end of the cycle is 3.6 kBT lower than the one
for state E at the beginning of the cycle.

B. Langevin equation formulation
Since inertia is negligible, equating the viscous drag on the rotor to the forces acting
on it yields the Langevin equation 1, 2

z q y q
q

f q
q

td
dt

d s

d

d s

d
tE H= - ( ) - ( ) - + ¦ =

; ;
( ), s L,R,E,F (2)

where:

· z = drag coefficient of the c-rotor.

· Ä(t) = the random force due to brownian fluctuations. The brownian force is
modeled in the usual way by a Gaussian distribution with unit mean and
amplitude 2z k T tB DD , where Dt is the time step in the numerical simulation 2.

· t = load torque from F1.

· s = (E, R, F, L). The state of the two exposed rotor sites evolves according to the
transition rates kij shown in Figure 1.

· yE(q; s) = the potential affecting the rotor in state s. yE(q; s) contains the
interactions between the rotor sites and the fixed stator charges (Arg210, Glu219,
and His245).

· fH(q; s) = the hydrophobic potential barrier preventing the rotation of unprotonated
rotor sites into the membrane. The energy barrier against rotating an unprotonated
Asp61 site into the bilayer depends on the difference in the dielectric constants

between the two media: DDG » -
æ
èç

ö
ø÷

200
1 1

e emembrane stator

3. Taking emem » 3 and estator » 10,

we have DG » 45 kBT.

Note that yE(q; s) and fH(q; s) could be combined into one potential in equation (2).
However, we keep them separate because in the Fokker-Planck formulation, the effect
of the membrane potential barrier, fH(q; s), is modeled by boundary conditions, while
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the effect of rotor-stator charge interactions are carried by the potential y(q; s), which
resides in the equations of motion.

To compute the torque generated by the motor, equations (2) must be solved
simultaneously with the Markov process governing the hopping of protons on and off
of the rotor sites. Although we draw the rotation of the rotor as a link (dashed line)
between states R and L, the rotation of the rotor from q to q+2p/12 cannot be treated
simply as a single Markov step for the reasons listed below:

· The rotation of the rotor is continuous. The rotation of the rotor from q to q+d can
be treated as a single Markov step only if the diffusion of the rotor in [q, q+d] is
much faster than the net rotation of the rotor from q to q+d. The time scale for
diffusion in [q, q+d] is ~d2/D and the time scale of the net rotation is ~d/<v>.
Therefore, if d is small enough, the diffusion is always faster than the net rotation.
This is the essence of the numerical discretization of the model. However, d = 2p/12
is not small enough, so the rotation from q to q+2p/12 cannot be treated as a single
Markov step; instead it has to be treated as a sequence of smaller Markov steps.

· The effect of the stator charge, Arg210, on the rotor is strongly angle-dependent.
When a protonated rotor site passes Arg210, the stator charge reduces the effective
pKa of the rotor site and forces the rotor site to relinquish its proton. When a rotor
site is far from the stator charge, its large pKa can hold the proton tightly. This
prevents many futile protonation and deprotonation cycles. If we treat the rotation
from q to q+2p/12 as a single Markov step, then we cannot model the angle-
dependence of the interactions between the stator and rotor charges.

C. Fokker-Planck equation formulation
In the Fokker-Planck formulation corresponding to equations (2), the state of the
system is described by the four probability density functions:
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(3)

where rs(q,t) is the probability density that the motor is in state s and the rotor is at
location q at time t. These distributions evolve according to the convective diffusion
equations
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where Dr = kBT/zr is the diffusion coefficient of the c-rotor. The electrostatic
potential matrix is
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(5)

where ys(q) is the potential acting on the rotor due to the electrostatic interactions
between the rotor sites and the stator charges when the two rotor sites are in state s.

The boundary conditions for equation (4) are given by

· Boundary condition for rE ((o o): reflecting at q = 0 and at d = 2p/12):
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· Boundary condition for rR ((o ·): reflecting at q = 0):
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· Boundary condition for rF ((· ·): periodic with period = d):
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· Boundary condition for rL  ((· o): reflecting at q = d):
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· The probability flux leaving the right end (q = d) of state R is equal to the flux
entering the left end (q = 0) of state L:
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(10)

D. Numerical Calculations

D.1 Motor without Arg210: A pure Brownian ratchet
In this model, we assume:

· kA
in = the rate of proton hopping into the channel from the acidic side (low pH)

of the membrane. It is independent of the rotor position, q, and independent of
the state of the other site.
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· kB
in = the rate of proton hopping into the channel from the basic side (high pH)

of the membrane. It is independent of the rotor position, q, and independent of
the state of the other site.

· kA
out = the rate of proton hopping off the site to the acidic side. It is independent

of the rotor position, q, and independent of the state of the other site.

· kB
out = the rate of proton hopping off the site to the basic side. It is independent of

the rotor position, q, and independent of the state of the other site.

These transition rates depend on the parameters listed below:

· pHA = proton concentration on the acidic side (low pH) of the membrane.

· pHB = proton concentration on the basic side (high pH) of the membrane.

· Dy = potential drop across the membrane.

· DfA = the potential drop at surface (due to surface charges) at the acidic side of
the membrane.

· DfB = the potential drop at surface (due to surface charges) at the basic side of the
membrane.

· Dp = proton diffusion coefficient.

· r = radius of the channel leading to the rotor sites.

D.2 Transition rates for ratchet model

In this subsection we first use  kA
in and kA

out as an example to demonstrate our step-
by-step procedure for calculating the transition rates. Then we give the rate formulas
for the model without Arg210.

The reaction on the rotor sites is represented by

Asp H Asp H61 61- ++ « ×

At equilibrium,

k Asp k Asp Hin out× [ ] = × ×[ ]-61 61 (11)

By definition, pK pH
Asp H

Aspa = +
×[ ]

[ ]-log10

61

61
, from which

Asp H

Asp
pK pHa61

61
10

×[ ]
[ ] =-

- (12)

The proton hopping rates, kin and kout, are related to pKa by combining (11) and (12):
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k
k

in

out

pK pHa= -10

First consider the case where the potential drop across the membrane is zero and
there is no surface charge on the membrane. For the acidic reservoir we have

k
k

in
A

out
A

pK pHa
A0

0
10

( )
( )

= - (13)

The rate kA
in(0) is limited by the rate protons can jump into the channel. We

compute the proton rate constants for entry into the channels by the Smoluchowski
formula 4:

kin = æ
èç

ö
ø÷

× æ
èç

ö
ø÷

surface proton

concentration

absorption rate to a perfectly

absorbing disk of radius r (14)

The rate kA
in(0) is given by¨

  

k nm r Din
A pH

p

A

0 0 6 10 43( ) = × × ×- -.
proton concentration 

at the acidic side
absorption

rate

1 244 344 123
(15)

From equation (13), the rate kA
out(0) is given by

k nm r Dout
A pK

p
a0 0 6 10 43( ) = × × ×- -. (16)

Using the parameter values listed in Table 1 (pHA = 7, r = 0.5 nm and Dp =
9.3x109nm2/s), we have kA

in(0) = 1.1x103/s. This is the rate of protons hopping into
the channel from the acidic side when no surface charge is on the membrane. This
proton in-rate is too small to achieve the ATP synthesis rate of 400 ATP/s. The
proton in-rate can be increased by increasing the proton concentration near the
membrane surface.

The surface charges on the membrane increase (or decrease) the surface
concentration of protons, and change the potential drop inside the membrane. The
potential drop inside the membrane is the sum of the contribution from membrane
potential and the contribution from the surface charges on the membrane. The
potential drop inside the membrane is

DD DD DDy f f- -( )A B (17)

If there is equal amount of surface charges on each side (i.e., DfA = DfB ), the
contribution of the surface charges is zero. The potential drop inside the membrane
does not affect the rate of protons jumping into the channel. It only changes the rate

                                                

¨ 10-pH is the proton concentration in  mole/liter. 1 mole/liter = 0.6 molec / nm3
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of protons jumping off the site. So the in-rate and the off-rate for the model without
Arg210 are given by

k nm r D
k Tin

A pH
p

A

B

A

= × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DDf

(18)

k nm r D
k Tout

A pK
p

A B

B

a= × × × ×
-( ) -æ

è
ç

ö

ø
÷

- -0 6 10 4
2

3. exp
DD DD DDf f y

(19)

k nm r D
k Tin

B pH
p

B

B

B

= × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DDf

(20)

k nm r D
k Tout

B pK
p

A B

B

a= × × × ×
- -( )æ

è
ç

ö

ø
÷

- -0 6 10 4
2

3. exp
DD DD DDy f f

(21)

For the model without Arg210, the transition matrix entries are given by

k k k

k k k

k k k

k k k

ER LF in
A

RE FL out
A

EL RF in
B

LE FR out
B

= =

= =

= =

= =

(22)

D.3 Motor including Arg210: Electrostatically assisted ratchet
The transition rates for the model with Arg210 are given by

k nm r D
k TER

pH
p

A

B

A

q f( ) = × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DD

(23)

k nm r D
k T k TRE

pK
p

A B

B

R E

B

aq
f f y y q y q( ) = × × × ×

-( ) -æ

è
ç

ö

ø
÷ × ( ) - ( )æ

èç
ö
ø÷

- -0 6 10 4
2

3. exp exp
DD DD DD

(24)

k nm r D
k TEL

pH
p

B

B

B

q f( ) = × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DD

(25)

k nm r D
k T k TLE

pK
p

A B

B

L E

B

aq
y f f y q y q( ) = × × × ×

- -( )æ

è
ç

ö

ø
÷ × ( ) - ( )æ

èç
ö
ø÷

- -0 6 10 4
2

3. exp exp
DD DD DD

(26)

k nm r D
k TLF

pH
p

A

B

A

q f( ) = × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DD

(27)

k nm r D
k T k TFL

pK
p

A B

B

F L

B

aq
f f y y q y q( ) = × × × ×

-( ) -æ

è
ç

ö

ø
÷ × ( ) - ( )æ

èç
ö
ø÷

- -0 6 10 4
2

3. exp exp
DD DD DD

(28)
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k nm r D
k TRF

pH
p

B

B

B

q f( ) = × × × ×
æ
èç

ö
ø÷

- -0 6 10 43. exp
DD

(29)

k nm r D
k T k TFR

pK
p

A B

B

F R

B

aq
y f f y q y q( ) = × × × ×

- -( )æ

è
ç

ö

ø
÷ × ( ) - ( )æ

èç
ö
ø÷

- -0 6 10 4
2

3. exp exp
DD DD DD

(30)

E. The electrostatic forces act against the rotor motion
The average torque generated directly by the electrostatic interactions between the
rotor and stator can be computed from

t r q y q qElectrostatic S S
S

d= × - ¢ ( )[ ]
p

=
òå ( )

, , , 0

2

12

E L R F
(31)

At the operating point for ATP synthesis, the average torque generated directly by
the electrostatic interactions between the rotor and stator is negative. However this
is more than compensated by the effect of the electrostatic interactions on the rotor
sites' pKa's, which tightly couples the proton flux to the rotor motion, and increase
the effectiveness of rectifying the rotorÕs diffusion.

Table 1 lists the parameter values used in the numerical simulations.

The complete simulation code in Matlabª 5 is available on request.
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PARAMETER Value

Dp = proton diffusion coefficient 9.3´109 nm2/s

Dr = rotary diffusion coefficient of the rotor 2´104/s *

ec = dielectric constant of channel 10

em = dielectric constant of the membrane 3

h = bilayer viscosity 1 poise

h = height of the rotor 6 nm

1 / l = shielding length of stator charges 1.1 nm

pHA = bulk pH of the acidic reservoir motor = 7 pump = 6.6

pHB = bulk pH of the basic reservoir motor = 8.4 pump = 7.6

r = 'radius' of the proton channel 0.5 nm

R = radius of rotor 5 nm

Dx = distance between Asp61 residues = 2pR/12 2.6 nm

DpH = pH difference across the membrane 80 mV = 3.2 kBT

Dy = membrane potential 140 mV = 5.6 kBT

DfA = potential drop by surface charges at the acidic side 2.3 kBT (without Arg210) ¨
2.0 kBT (with Arg210)

DfB = potential drop by surface charges at the basic side 2.3 kBT (without Arg210) ¨
2.0 kBT (with Arg210)

Table 1. Parameter values.

* The diffusion coefficient of the rotor was computed from Dr = kBT/(6phhR2), and
was modified to reflect the fact that part of the rotor is not subject to the membrane
viscosity.
¨ Potential drop of  2.3 kBT by surface charges can reduce the surface pH value
(increase the surface concentration) by 1.
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