CHAPTER II
The Laws of Impact: Wallis, Wren, and Huygens

In the year 1668, 2l years after the publication of

Degcartes'! Principia Philosophiae, the correct laws of in-

pact, already discovered_thrqugh private ressarches, werese
brought together and publically made avallable through the
efforts of the Royal Soclety of London., The principle of
mi\v{in collisions was corrected to the conservation of mv
by Wallis, Wren, and Huygens and the principla: of the
conservation of QEE in elastic impact was stated by Huy-
gens., The discovery of these laws of impact will be treated
in detail sincé confusion was later wrought by participants
in the controversy over living force who gsaid that sither |
the mv eguation wag correct or that the myz relationship
was btrus, but nét both,

The problem of the collision of bodles was brought
to the attention of the Royal Soclety in October 1666, by
the following experiment:

An experiment wag tried cf the propasgation of
motlon by 2 contrivance whereby two balls of the
game wood, and of egual bigness, were so sus-
pended, that one of them being let fall from a
certain hight  agasinst the other, the other was
impelled upwards to near the same hight, from
which the first was let fzll, the first becoming
then almost gulescent, and fthe other returning,
impellsd the first upward agein to almost the
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hight 1t had fellen from before, itself becoming
then in a manner motionless, t1ill after some
returns they both vibrated together. It was

ordersad thet this sxperiment be piosecuted and
others of that kind thought upon.

On January 16, 1667,

It was mentioned by Mr. Oldenburg thst the

council had thought fit, that the sxperiments for

making out a theory of the lawe of motion former-

ly begun by Dr. Wren, Dr, Croune, snd Mr. Hooke...
should be prosecuted. The Soclety thereupon desired
7 Dr. Wren tec give in thoss experiments of motion
devised by himself; but he alledging that the

account of them was st Oxford, Dr. Crogne and Mr,
Hooke were desired to bring in theirs.

Then on October 22, 1668, Hoocke suggested that the exper-
imente on the laws of motion be continued, but the presi-
dent, Brouncker,Aremarked.that hgygens and Wren had already
found a theory sufficient to exblain the phenomena involved.
Accordingly 1t was decided that the secretary, Oldenburg,
ghould invite 'these two to communicate their results to the
Royal Society.-

Much of the November 12 sesslon was devoted to a
discugsion of the problem of impact, in the course of
which it was decided to lssue the ssme Invitation to John

Wallis,

1Thomas Birch, The History of the Roysl Society of London
for improving of Natural Enowledepe ITrom 1its IFirst Hige, 1in
Which the Mpast Loneicerable of Thofe Faverg Communicated 10
the Societv Which Have IHitherto Not Been Publlshed Are Inserted
in Their Proner Ordsr As a Supnlement to the Fhilosgsovhical
Trenssetions, London, 1756, 2, 116-117{0October 17,1666).

2Birch, History of the Royal Society, 2, 140.
3

Birch, History of the Royal Society, 2, 315.
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The experiment of the communcation of motion was
tried by & contrivance, whereby three bells of fthe
same wood, and of near bigness, wWere s suspended,
that elther of the two extremes beling let fall from
g certain hight against the ivtermediste bell, the
other extreme was impelled upwards to near the same
hight, from whence the first was let fall, that in
the middle moving but very little; of which the pres-
ident conceived this to be the reaszon, that the inter-
mediate ball when struck by one of the latersl ones,
found the resistance of the lateral bsll; but the
other latersl ball met with no resistance but that of
the gir.

Mr., Hooke wass ordered to think upon other sxperi-
ments for making out this hypothesis about motion,
which is, that no motion dies, nor is any motion pro-
duced anew.

Sir Robert Moray moved, thsat bodies might be pro-
vided of several degrees of hardnsss, and of the same
matter and welcsht, as steel bodies, and the like to
seevwaother the harder they are, the more they will
rebound.

Others moved thet bodies might be provided that had
no springiness, or but little, to see, how much that
guantity contributed to the reboundilng.

It was also moved, thet since the soclety was upon
_the disqguisition of the nature, principles, and laws
of motion, all authors, who had written on that sub-
ject and delivered their hypotheses concerning 1%,
might be consulted snd sxamined, and an account of
their opinions brought in, to see, what had alrsedy
been done in this matter. Whersupon Mr. Collinsg was
dogired %o pergue guch authors, and particularly Des-
Cortes, Borelli, and Marcus Mareci; and Mr, Oldenburg
wag degired to wite to Dr. Wallls that he should take
a share of this work,

Mr. Oldenburg resd a letter from Monsr., Huygens,
dated at Paris November 13, 1668, N. S. in answer to
what he had lately written %o him by order of the
society, degiring him, that if he did not yet think
£it to print what he had discovered on the subject
of motion, he would impart to them hie theory of it,
together with such experiments as he grounded hils
theory upon,. Hopether-with-such-experimente—as—he
srounded -hig-theory-unon. Mnsr. Huygen's answer was,
thot he wss ready to communicste %o the society °
thoge rules and theorems, which he had found out in
all species of motion, not doubbting the soclety would
gecure to him the honor of thet dlscovery by giving
it place in their Register-book, as coming from him,
And as he desired tc know what part of motion the
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- society would have him treat first, the secrstary
was ordered to acquaint him that the socisty left
that to hig discretion, not doubting but that he

had treated the subject methodically; and therefore
would begin with such particulars as were simplest
and clearest, giving light to what should follow.
Hisg l%tter was ordered to be entered in the Letter-
Book.” (%Vo1, 11, 321)l4

The three manuscripts were received and read within a short
time, Wellis' on November 26, 1668, Wren's on December, 17,
and Huygens on January 7, 1669,

In his paper, "“A Surmary Account of the General
Lawz of Motion", John Wallis gave the lawg of motion for
collislons in which two hard bodies suffering no distortion

adhere and move as one after the impact.

In three rules he describes three casses of ™hard
body" (dura) coliisions. His hard inflexible bodies obey
the lsws of inelastic impact. In this paper Wallls wrote:
"If the bodies were verfectly hard there would bes no re-
bounding and therefore it was necessary to have recourse
to elasticity. If the bodies are slastic, yielding to the
stroke and then restoring themselves by an equal force, the
bodies ingstead of moving together may recede from one another

and thst more or less in proportion to the restoring force....

L

Bireh, History of the Hoysl Scecietyv, 2, 320.

5John Wallis, "A Summary Account of the Genersl
Laws of lMotion, by way of a Letter Weitten by Him to the
Fublisher and Communicated %o the Royal Society, November 26,
1668, Phil.Trans,,3 (1669) 86L-866.
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Thaet all rebounding comes from springynesse is my opinion."

He introduces these rules with some preliminary con-
siderations of the proportions holding betwsen force (vis),
V, weight (pondus), P, and speed (celeritas), C. He did

not distinguish between maess and welght.

If an agent A produce the effect I, then the agent
24 will produce the effect 28, 34 will produce 3B
otc. and universally, mA will produce the effect mi
putting m for the "exponent” /rationie exponeng/of
any ratio. If the power of force, V, can move a
weight, P, with a speed, {, then the force, mV, will
either move the weight, P, with a speed, mC, or the
weicht, mP, with the same speed or lagtly any welghi
with such a sgeed that the product of the weight and
speed is mPC.

Tn case (1) a weiszht, P, moved with speed C by force,

V = PC, directly collides with weight, mf, at rest and free

e

to move. After the impact the twe will be moved together by

6Wallis, Ibid., 866. Translation le by Joseph fred-
erick Secott, Tha Mathematical Work of John Wallis, (1616-
1703), London, 1939, 10. On the meaning of hard body
For Doscartes, Wallisg, Wpen, end Huygens see this disseri-
stion, Ch. I, p. 24 , note 18 . In his treatlse Delloto,
#in discussing impact Wallis obsgerves that bodies fall
into three classes. DBodies which suffer no dlstortion
upon impact are termed absolutely herd. Those which are
endowed with the faculty of altering thelr shape upom
impact and immediately recovering 1it, are ggid to be
elastic whilst the third clsss, soft bodies suffer dls-
tortion and do not recover their shape. Hers a part of
the Force of percussion is uged up in deforming fthe
body.," J. ¥, Scott, Ibid., 102,

7Translation taken from J. ¥. Scott, op., cit., 103.

The "exponent of the rstio" is the quotient obtained by
dividing the antecedent by the consequent. For example
6 is the exponent of the ratio that 30 has to S; and m
1g the exponent of the rstio that mE has to E.
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the force, PC, but the greater weight (1 + m)P will now

cause the joint speed to be diminished to 1 C. This
L+m
"impetus" of the two bodies together will be made up of

the final "impetus" of body 4 i.e. 1 PC and that of
' 1 +m

body B, L mPC (i.e.,PC).
1 +m

In case (2) a weight P, moved with speed C by forcs
V = PC, directly collides wlth & welght mP, moving more

slowly with speed nC { L and force_wmnV = mnPC. The two to=

gether will be moved by a force (1 + mn)PC composed of the

two weights (1 + m)P and the speed 1 + mn C. The result-
L +m

ant force of motion, (1 + mn)PC, will be composed of the

two forces: (1 + mm\ PC  of body A and (l_+ mn) mPC  of
l +m 1l +m

body Bl(i.e., (L + m)PC).
In case (3) a weight, P, moved with speed L by force,
V = PC, collides with weight,mP, moving in the contrary

direction with speed, -nC, and force -mnV = -mnPC. The

final force of the two welghts together will be (1-mnPC.
composed of the combined weights (1+m)P and the s=pesd

l-mn ¢, This finsgl force will be made up of the two
l+m

forces, 1l - mn pe of body A end 1 - mn oo of body B
I +nm L +m _ =

i.e.,(1-mn)PC. Thus the direction ig taken into acbount_
as shown by the use of the positive and negative signs,

the correct law for the conservation of momentum for such
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bodies being thereby glven.

- Wallls also found that for obligue collisions thé
"impetus" of the body striking is to thaot of its direct
"impetus" "as the radius to the secant of the angle of
obliguity".

Elastie iﬁpact wag not discussed in this short pré—
gentation but Wsallis added this subject to his treatment

of percussion In his Mechaenica sive de Motu, (London, 1669-

1671). Here an elastic body was definsd asg one which has
In impsect sufficient force of restitution to recover its

shage after compression,

The propositions given here are as follows:

If a heavy body impinge upon a2 solid Jimmovable/
obgtacle, and if either one or the other be elasstic,.
the body will rebound with the same speed and in the
game right lins. [This sgsumes equallity of deforming
and restitutive forces./ Prop. I.

If the two striking bodies are unequal, but have
thelr velocitiss ilmversely proporticnal to their
massez (so that their momenta are esgual) each will
rebound with the same speed thst it approached, and
in the s ame right line. (Prop. 3)

If a heavy body impinge directly upon an equally
heavy body at rest, the moving body will be brought
torrest and thevetherowlll move forward with the

"velocity possessed by the striking body. (Prop. 5)

And generally; If a heavy body wmoving with any
speed whatever Impinge upon a heavy body at reast,
and if one or the other be elastic, the final speed
of the striking body will be %o its sgpeed before im-
pact as the difference of the masses to their sum,
and will be forward, backward, or statlonary according
ag the mass of the siriking body is grsater than,
less than, or equal to that of the body at rest.

John Wallis, Mechanica sive de Motu, 2 vols.,
London, 1669-1671,1, 660-682,
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The ststionary body however wlll scquire a spead
which bears to the original speed of the striking
body the ratio of double the mass of the striking
body to the sum of the masses. (Prop. 8)7

The summery of these lsws in modern language 1is
n in a quote from J. F, Scott:

When two bhodies impinge the sum of their moments
along the line of impact, is the ssme as before,
and {for bodies perfectly elastic) the relative
velocity after Impact is the same as that before
impact, though reversed in direction. For if M
and m are the masses, U and O (zero) their speeds
before impact, V and v their speeds efter impact,
we have the principle slready enunciated.

MV + mv = MU + O

and Vv = <0
whencs v = MU - mU
M+ m
v =M - m
and therefore (4] M m

i.e. Speed of striking body after impsct =
Speed before impact

Difference of maggesg
Sum of the masses /of striking body and struck body/

Again from the sbove relationg

v = MU + MU
M+ m
whence v = 2M
U M+ m

Soeed acquired by stationary body =
Original Speed of striking body

Double the masgs of the striking body

Sum of the Masses Jof striking body and struck body/

9
Wallis, Mechsnica, 660-669, Translatlon and

gummary taken from J. F. Scott, p. 122, 123.
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Christopher Wren's paper was rsad to the Royal

10
Society on December 17, 1668, In it he developed a rule
comparable to the conservation of momenbtum for elastic
bodies in terms of the body's "proper velocity" (proprias

velocitates). Like Wallis he did not distinguish betwesn

masgs and weight. If a body has a "proper velocity", its
veloclty 1s inversely proportionasl to its weight. DBodies
R and S {(where R and S refer to their welghts) moving with
thelr proper velocitles, conserve these velocities in col-
lision. The bodies are thought of ag being restored fto
equilibrium after collision in the manner of a gcale
oscillating over its center of gravityl

If the bodies have "improper velocities", (improprias

velocitates) +that is, they are not inversely proportional

to thelr masses, the collision is comparable to a scals
over two centers of equality equally distant from the center
of gravity; a couple 1s procduced.

For bodies with "improper velocitiss", if before the
collision the velocity of body K is grester than its "proper
velocity™ by a certain amount and thst of S is less than

1

its “proper veloclty" by the same amount, then after the
collislon thils amounﬁ is added to the proper velocity of 3

and subtracted from that of R, to give the final velocities.

Christopher Wren, "Lox Naturae de Collisions Corporum"
Phil., Transg., 3 (1669)867 8643, (Theory concerning the same
gub ject; 1mparteé to the Hoyal Society “ecember 17, last,
though enterteined by the suthor divers years ago, and
verified by many experiments...")
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There are three cases for eguel /i.e. egual weights/ bodies
moving "improperly", either in the same or opposite direc-
tions, and there are ten cases for unegual bodies Junsqual
weilghtgs/moving "improperly", of which five are conversions

(of 6,7,8,9, and 10). The cases are shown in the diagram,

P L6,

a reopresents the center of gravity or fulcrum of
the scale,
o and g are the centers of equality, squally distant
from the center of gravity, a.
R eand 8§ are egual bodies in cases 1-3, and unequal
with R the greater in cases 6-10.
Z 1s the higher of the velocitiss of the bodles
R and 5.
Re 1is the velocity of the body B before impsact.
Se 1s the veloclty of body S before impact.
oR 1is the vedocity of the body B after impact.

03 ig the velocity of the body £ after impact.
The reletlonships are:
(1) R+8: 3 ::7%Z: Ra
R+ S5 : R+ ¢ Z: Sa
{(2) Re - 2Ra = oR

25a & Se = 05 11

If the initial velocities are referred to center of
squality o, the following relations obtsin:

S0 1g the velocity of body S5 before impact.

Ho 1s the velocity of body R bafore impsact.

ed is the velocity of body T after impact.

en 1s the velocity of body R after impact.
Thua,

S0 - 23a = 685

2Ra + Ro = eR
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When expressed in modern notation this is eguivalent to the

congervation of momentum equation:
‘.V
MpVpot MgVso = MgVes + MV o

where Mo end My are the masses of bodies R and S; V_  and

Ro

VSo the initisl velocities; and VGS and VeR the final velo-
cities, |

The paper submitted by Huygens to the Royal Society
in 1669 was summarized without proofs and printed in both

the Philosophical Trangactions snd in the Jeurnal de Scavans

(March) of the same year. Both these papers were excented
from a work largely:complete by 1656 but not published until

1703 after Huygens death, De Motu Corporum ex Percussions.

Here the 1669”artic1e in the Jrurnsl deo Scawvans will be

d¢iscussed followed by 2 more complete cdlscussion of the

relsvant wmaterial from De Motu Corporum ex Parcussione.

The article was a letter from Huygens 4o the sditor
containing the "Rules of Meotion in the Impact of Bodies."
These rules, Huygens stated, were founded cn good demon-—
gtretions and accorded perfectly with experience.l2 Here

Huygens formulated the following rules for bodies of the

12Christian Huygens, "Extrait d'une lettre de M., Huygens
a 1l'Auteur du journal” containing the "Regles du mouvement
dans la rencontre deg corps, "™ar. 18 issue-of Journal de
Scavang (1669) 19-2l.. See Huygens, Ceuvres La Haye, 1429,
16, 179-181. —
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seme material, whose gizes are to bs estimested by their
woifhts, TFor Huygens, hard hodies behave as do elastic
bodles.

1. When z hard body directly encounters another
hard body squsl to it and at rest, it gives all its motion
to 1%, iﬁself remaining motionless after collision.

2, But if this other equal body is also in motion
and when it moves in the ssme stralght line, they recip-
fodally exchange their motions,

3. A bddy gomewhat smaller than 1t and having some-
what less velocity, in encountering another greater and at
rest wlll give some of its moticon %o it.

L. The general ruls for determining the motion
which hard bodies acquire by direct impact is: Let there
be bodies A and B of wﬁich A moves with the velocity AD
(see figuremdand B moves toward i1t with velocity BD, or
is et rest at the polint D, and having found on the line
AB the point O the center of gravity of the bodies A and
B, 1t 1is necessary to take Ch = €D, BA will be the vel-
ocity of body A after impact and EB that of body B. If
point E falls at A or B the bodies & or B wlll be reduced
to rest.

S. The quantity of motion thst two bodies have can
be Increaged or cdecreaged by their impact, but there wlll

always remain the same quantity toward the =ame side by

subtracting the contrzry quantity of motion. Z This rule
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EXTRAIT D'UNE LETTRE SUR LA RENCONTRE DES CORPS, 1669,

3. Un corps, quelque petic qu'il foit,
en renconcrant un autre plus grand qui foit en repos,

mouvement ).
4. La regle

& quelque peu de vitefle qu'il ait,
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qui cff en repos ©).

1) Comparez (p. 39, Ia Prop. 1L
: , © 3) On retrouve cette régle au Traité,,De Motu”
SR 3% Comiparez (ps 49) la Prop. V1.

53 Comparez (p. 73, la Prop. XL,

Co : dur plus grand ou moindre que luy, par
moyenne, que s'il en eftoic frappé¢ immedi
moyen proportionnel entre les deux auires, il fera le plus d"impreflion {ur celuy

[e confidere en tour cecy des corps d'un
que leur grandeur {oit eftimée par le poids.

la rencontre, & EB pour ceile du corps B, & r
montre Pordre des points EA, EB: Que s'il arrive que le point E tombe en A ou
en B, les corps A ou B {eront reduits’au Repos. ‘
5. La guantité du mouvement qu’ont deux corps, {e
puer par Jeur renconcre 3); mais il y refte totijours la mesme quantit¢ vers le

mesme cofté, en fouftrayant la quanticé du mouvement contraire ). :
6. La fomme des vroduits faits de la grandear de chaque corps dur, multiplié
~parle quarré de fa vitefle, eft tolijours la mesme devant &apres leur rencontre %),
7. Un corps dur qui eft en repos, recevia plus de mouvement d’un autre corps

luy donmera quelque

gencrale pour determiner le mouvement qu’acquierent les corps
durs par leur renconcre direéte, eft relie?).

Soient Iescorps A & B,
desquels A folt meu avec
la vitelle AD, & que B
aille & {a rencontic ou
bien vers le mesme cofté
avec lavirefle BD, onque
mesmes il foitenrepos, le

point DD en ce cas érant

le méme, que B, ayant
trouvé dans la ligne AB
le point C centre de gra-
vité des corps AB, il fauc
prendre CE égale 2 CD,
& I'on aura EA pour la
viteffe du corps A apres

une & "autre vers le cofte que

peut augmenter ou dimi-

Pinterpofition d'un tiers de grandeur

atement: Bt {i ce corps interpof¢ eft

e mesme matiere, ou bien jentends

daus I'alinéa qui commence en bas dela p. 65.

4) Consultez 4 propos de ce Theorene 15 pe 24~—25.
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like Wallis! corrected Descartes? conservation of the
aheolute quantity of motion./

6., The zsum of the products of the size of each
hard body multiplied by the square of its veloclty ig
always the szame before and after impact.13

7. A hard body at rest will recelive more motion
than another hard body gresater or legs than it by the inter-
pogition of a third of medium size that it will hift directly;
and if this body infterposed 1s the mean prdportional between
the other two, it will make a greater impression onsthe one
waich is at rest.

Finally there 1s a law of nature which seems to be
genersl for all bodies hard or soft whether they collide
directly or obliquely: This is thst the common center of
gravity of two or three (or such as one wishes) bodies,
slways advances equally toward the same side in a straight
line before and sfter impact.

These rules were the same as those which were pub-

lished in the Philcsophicel Transactions of 1669 (see copies,

Pnil. Trans. li). Huygens had also sent to Oldenburg (Jan. 5,

1669) the demonstretions of theufirst four of these seven

'y

1
BThere is thus no guestion as to the priority of the

MV~ lew between Huygens snd Leibniz, For a discussion of
this gees Brwin Hiebert, listorical foots of the Trinciplie
of Conservation of Ensrgy, Madison, 1962, 73.
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proposgitions. After having 'received them Oldenburg sent
him a copy of Wren's theory‘which nad been presented to

the gocliety 15 days bvefere (Dec. 17, 1668) asnd which con-
formed completely to his own rules. These four demon-
gtrations of Huygens  which were not published in the Egi;—

osophical Trensactions were far more complete in detsil

than Tf\lren's.li‘L Thus in the Yournal de Scavans and the

Philosophical Transactions Huygens had set down the essen~

$ial rules for the treatment of elastic impact problens:
(1) the conservstion of momentum (rule 5) and (2} the
congervation of mv- (rule 6). The conservation of relative

velocitles ia found in proposition IV of his De Motu Corporum

ex Percussione to be discussed subsequently. Yo this trest-

ment by Huygens, Lelbniz added the algebraic expressions
for each of these conservation principles and showed theilr
interdependence, Jean Bernoulli followed Leibniz's dis-
éussion very closely in his paper submitted for the prize

1
of the French Academy in the years 1724 and 1726. 5

In the posthumous work, De Motu Corporum ex FPercussionse,

published in 1703, but esgentially completed sbout 1656, Huygens

16
had developed a more detsziled theory of psercussion.

_luFor the demnnstrstions see, Huygens, &euvreq, La Hays,
1895 6,336-343. For Huygens letter see Phil.Trans.,4 (1669)925-928.

lSSee this dissertation, Ch, III, p. 90 , and Ch,VIII
p. 288 .,

16

Christian Huygens, "De Motu Corporum ex Percusgsione,"”
Oesuvres, La Haye, 1929, 16, 30-91.
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Three hypotheses precede the development of the
propositions: |

1. /The principle of inertis/: Any body once set
in motion 1T nothiﬁg opposges 1t, continues to move with
the same velcclty and in a straignt line.

2, Whatever is the cause that hard bodles rebound
upon mutual contact, we suppose that two equal hard wodies
of the same velocity colliding directly rebound with the
same velocity with which they approached. [Again hard bodies
behave here as elastic bodies./

3. /The relativity of motion/: The "motion of bodies"
and "equal or unequal velocities" should be understood rela-
tive %o other bodises which are =uppoed st regt although both
may be subjéct to other motions common to both cof them.
Consequently when two bodies collide even if they are also
subject to gome other uniform motion, they will act on each
other with respect to an observer having thls szame common
motion, as if thls common uniform motion were absent.

Thus when someone trangported by a boat which ad-
vances'with a uniform motion causes two equal balls with
equal velocities to collide, with respect to himself they
will rebound with equal velocities as if the collision ftook
place in a boat at rest or on the land., (See copy of title
page, p. 55.)

. The first proposition is:

When a body at rest is met by another egual to 1%,
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56
after collision the colliding body will be at rest but the
one at rest will scoulre the velccity of the other.

The proof 1g as follows: Imagine that a boat near
the river bank 1s carried by a current and close enough
that a navigator can touch the hands of s ¢companion on the
bank, The navigator holds in hig hands A and B (ses Huygens®
fig. 1, p. 57) two equal balls E and F suspended from two
strings and of which the distance £F 1s divided into two
equal parts by the point G. By sn equal motion of his
hands with respect to himself, he can impart an eqgual vel-
oclty to the two balls so that they rebound with egusl
veloclties with respect to the bost. But the navigator is
carried at the same time toward the left with velocity GE,
that iz, with the ssme velocity with which his left hand
ig ftransported toward the right.

It is thus clear that hand A of the navigator with
réspect to the bank and %o the companion remasing motionless,
but theﬁ hend B with respect to the same companion 1ls moved
with veloclty YE double that of GE, that is with FG. Thus
it fhe companion on the bank takes with hand £ the hsend A
of the navigator and with it the end of the string holding
ball E and with hand D takes hand B and ball F from the
navigator, it appears that ball F hits ball E at rest with
veloclty FE with respect to the bank. Thus aftef the col-
lision with respect to the companion the ball F rests

motlonlegs and the ofther E moves toward the left with a
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+ %% Dans le Manuscrit Huygensa mtercaié aprés goup les mots ,,feu FG”

Teneat vero vedtor manibus fuis A & B [Fig. 1]*) duo corpora mqualia ex filis (us-
- penln B, E‘ quorum diﬂ:antm EF bxf'mnm divifa fic pun&to G ; motuque =quali
: ‘manus ad occur{um mutuum promo-
[Fig 1 ] ; .
-g, S i+ vens, {ui nempe & navigii refpectu,
-etiam {,Iobulos g aath celeritate
inter fe collidi f1c1qc quos itaque
“inecefle eft & wequali cefleritate * a

autem *) ponatur interim ferri fini
Atram verfus celeritate GE, eddem
. nempe quid manus finiftra A delata
-« fuit dextram verfus.

" Parer itaque ve@oris manum A,
refpeéu ripe& focii in illa confiften-
- tis, immotam ftetiffe;manum vero B,
C refpediu ejusdem focii,motam fuiffe
' celeritate FE, dupld ipfius GE vel
FG. Quamobrem {i focius in ripd

Cmanumvettoris A, comque ef caput
fili globum E fuftinentis 3); alterd
vero manu D manum vedoris B, que fuftinet funiculum e quo pender F 4)

apparet dum veétor globulos 5, F, equali celeritate concurrere facit, fno & navigii -

refpedtu, fimul focium in ripd {tantem globulo E quiefcentd impegiffe globulum
¥ motum celeritate FI, refpedtu ripe & f{ui ipfius. Et conflat quidem, veétori glo-

bules fuos ), uci dictum eft, moventi, nihil officere quod focius in ripd ftans manus -

cjus & filorum capita apprehenderit, cum rantum comiterur earum motum, nec ef. -
ullum impedimentum afferat. Eddem ratione nec focio in ripa flanti globulumque -+ -~
¥ verfus immotum E deferenti, quidquam obftar, quod vector manibus fuis manus .

conjunétas habear, fiquidem manus A& C utrague refpedtu 1'1'pac&1"ocii quicfcunt,
duxt vero D & B moventur eddem celeritate FE. Quia autem uti diétum fuic glo-

buli B, F, poft mutaum concaétum, equali celeritate refiliune, xefpe&u vedtoris.
& nnvwn globulus nempe E ce]eimte GE, & globulus F celeritate GF, ipfum-

- DE MOTU CORPORUM EX PERCUSSIONE. 35

~ contadtu mutuo refilire ejusdem vec- -
“toris & mavigil refpe&u Navigium

ftans prehendifle ponarur mani fud = .

que interim navigium pergit finiftram ver {'us celeritate GE {eu FG N, {'eqmtur., '

refpc&u ripe & focli in ill§ fantis globulum F poﬂ 1mpulfum reﬁarellmmotum,

4 De méme Huyqens remplaga ”BF par ,sc quo pendet F”

5} Le mot ysu0s” manque dans le Manuscrit. Comparez la note 9. i

* Hyp. il -

g
'S
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velocity FE with which it pushed the ball B toward E.
This was to be d emonstrated.

Froposition II is the case in which equal bodies
collide with unequal velocities ang reciprocally eXchange.
them after collision. This is proved in a gimilar manner
by the device of the bost in motion,

Two hypotheses precels the propositions where the
magses are unequal., Hypothesls IV states: When a greater
body hits a smaller one a%t rest it gives 1t some of its
own motion agnd itself loses sone.

Hypothesis V states‘that 1f one of the colliding
bodlies conserves its motion after collision, the other will
do likewise,

Proceeding to Proposition 1V, Huygens shows that the

reletive velocities of the bodies befors and after collision
are the ssme,

| Proposition VI refutes Descartes! conservation of

the product of the mass and its absolute velocity, EiEL
correcting it to the prﬁper law: In two colliding bodieg,
the guantity of motion taken for the two together is not
slways conserved after collirion, but can be increased or
decreaged. |

Proposition VIII uses the mﬁz orinciple later known

as "living force" relating the heights of fall to the vel=

ocities acquired, Since the development and use of thig
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relstionship is of particular interest to the controversy
its use in Propogition VIII will be examined in soms detail.
The principle of the living force of a bedy and its rela-
tion to that body's distance of fall was used by Leibnig

in the demonstrestions which initisted the controversy. It
was the basis for the experimental work done by Poleni
(1718) and 's Gravesande (1722). It was the fundamental
argument of all those who supported the Leibnizian position
in the dispute,

Propogitinn VIII states:s Whon two bodieg of which
the velocities are inversely proportionsl to their sizes
meet from opposite sides, each will rebound with the same
velocity with which it approached.

Let there be two bodies which collide and of which
the flrst is greater than ths second and of which the sigze
of A is %to the size of B as the velocity BC © of bedy B is %o
the velocity AC of body &. (See Huygens fig. 11, p. 60).

It 1is necessary %o prove that after collision sach returns
with the velocity with which 1t approached, A with velocity
CA end B with velocity CE. If A is reflected with velocity
CA, then B must be reflected with CB since by proposition

IV the relative velocity is always the same beforse and after
impact. If body A does not return with velccity CA but

with & lesser velocity CD, then R will rebound with a vel-
oclty CE greater than that with which it arrivsd, such that

DE=AB, Suppose thet body A has acquired its first velocity
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corporis B, que fic BC ad celeritatem corporis A, qus {ic AC, oftendendum eft,
pof‘* coma&um P H IS utrumque eﬁdem qué venit. celeumte reverti, nempe
‘ <A, celeritate CA B
[Flg. n] LRRCERSUTINES -vero, celeritate CB.

e ~confiat autem, {1 A
‘refleGatur celeritate

Lo B A N :11 fi

celeritate CB, quia
alioqui  non  cadem
+ effec mutuo  refpedtu
- i celeritas recedendi,
i roque fuit appropin-
quandi*. Siigitur cor-
51 pus A non revertitur
1 celeritate CA, refiliac
o primd, fi fleri potelt,
.. celeritate minori CD;

- tate CE, majori quam
- quid ‘advenerar, ita ut

DE, fiv equalis AB *.
Ponamus corpus A
acquifiviffe celeritatem

debat ad occurfum,
cadendo ex -11t1tudme
HA , ut nimirum po{‘tqmm descenderlt usquein A, motumpe:pemdlculalem mura-
verit in horizontalem cujus celeritas AC; corpus autem B acquifivifle (imilicer

celerizatem BC; cadendo ex altizudine I\B Y); funt igitar he altitudines in cele~

ritatum ratione duphcata, hoc eft, ficut quadratam AC ad quadratum CB, ita

CA, etiam B refledti |

* Prop. 1V..

_ergo B refiliee celeri-

HA ad KB. Quod fi deinde, poft occurfum, corpora A & B motus fuos Horizon- ,

tales, quorum celeritates meriuntur CD, CE, convertant in motus perpendiculares
furfum; conftat corpus A perventurum ad altitudinem AL, jea ue fit AL ad AH,

ficut quadratum { CD, ad quadratum CA. Quando enim hujusmodi rationem haber -~

AL ad AH, certum eft corpori decidenti *) ex altitudine LA, acquiri velocitatem
CD; unde & vicifim, velocitatem habens CD, attingere poterit aldtudinem AL,
per ea qua {uperius pofita fuere 3); corpus autem B coavertendo celeritatem CE
in motum perpendicularem furfum, perveniet ad alticudinem BM , ut fit MB ad
KB ficut guadratum CE ad quadratum CB. Junganror HE, LM que neceflariofe

mutuo {ecabunt, puta in P 4); & dividaneur uerague fi ('mlhter in N&O, ur, ficur

magnitudo Bad A., hoceft, ficuc ACad CB,ita ﬁtHN ad NJK., u.e:jn_qu;e‘ LO :ad OM.

’

¢

priorem AC, qufi ten-

Cy
!

¥ Prop. IV,

-
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AC with which it moveg toward the point of contact by
falling from height HA in such a manner that after having
descended to A 1t changes its vertical motion to a hori-
zontal motlion with velecity AC. Similiarly vody B has
acquired 1t%ts veloclity by falling from height KB. These

heights are in the "double ratio" (ratione duplicata)

of the velocities, that 1s, the sguare (cuadratum)AC is
to the square CB as HA is to KB. Now if after collision
the bodies & and B chenge thelr horizontal motions of which
the velocities are messured by CD and CE into parpendicular
motions upward, then body A will srrive at helght AL such
that AL 1s to AE as the square CD is to the square CA. Be-
cause if guch is the ratio of AL to AH it is certain that

a body falling from helght LA will ascquire velocity CD and
reciprocally with velocity CD 1t can attain height AL.
But body B in changing its velocity into a vertical motion
upwards will reach height Bl such that MB is to KB as the
square CE 1s to the squere CB. doin HK,I¥ and let each of
thege segments be divided Into the same ratic at N and O
such that AC i1s to CB as BN is to MK and L0 is to QM.

Then when the center of gravity (gravitatis cenfSrum)of

bedy A 1s situsted =t H and the center of gravity of body

B is at X, their combined center of gravity will be at

point N. But after they fall from H and from K and alter
thelr contact are elevated to L and I, their combined center

of gravity will be et Q. However this cannot happen because
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the point O 1s higher than point N and it is a certain
gxiom in mechanicg that by a motion of bodies resulting _
from their "eravity" their common cenier of gravity can-
not be raised. A geometrical proof then follows to show
that point O is indesed higher than point E. Then the cass
for the velocity of A, 1,e. CD being greabter than CA is
proved similarly. %The case for body A remaining at rest
and B only being reflected wlth velocity AB is also treated
in a similaf fashion. The series of cases is completsd by
treating thst for body A combinuing to move in the same
directlon with velocity CF { AC hitting body B so. that the
excess FG of velocity CF equals AB. (See HuYgens‘ fig.
1ly, p. 63).Huygens showe that body C cannot continue to
move in the same dirsction after collision. Therefore %o
conclude Proposition VIII it must follow frowm the impos-
sibilitonf all the above cases that body A returns after
collision with the same velocity with which it approached
and B does llkewise. As was ghown thls conclusion was
reached through the use of the principle later known asg
hliving force™, relating the height. of fall of a body 1o
the velocity acquired in its free fall,

In Propogition IX rules are glven in geometric form
for finding the veloclties after collision of two unequal
glagtiec bodises, one‘of both being in motion snd the velocity
of each being given. (See Huygens' fig. 15, p. 6L). Tnis

ig a similar treatment and the same result which Huygens
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O, DU RV YRR VIR CORPS PAR PEICUSSION,

o .

BAT Fern fa hanienr & hagielie powrra moncer le corps 1871 change le monve-

sieac Borizontal par lequel it el catralnd avee Ta vieelle AD en un mouvement
cevpendiculaire e hangg wais le corps A, puisgue a;w(‘_l; le choc il o &d din
¢ure {ans wouvenieny, retiera dans Ju diolee An. Sidone ontive MA et fion la

divife en O de forte que AO {oit & OM comme AC a2 CB, G feraie poine
jusquiauguel moncera le cenwrede o gravied compofie des deux enrps, Wiais les
corps drant fituds en 1 et en K, d'oll Pon fuppole qu'ils font descendus,
avident Jear cenwe de gravied connuun en N gui divife parcillement fa droite
HIC duns e rappore de AC 4 Oy done {1 Pon monire comme auparavant
que Ie point O eit plus ¢levd que le point N Ia démonfiration (era réduice i
w oméme ablueditd que plus haue, Or, cela peur doe monceé comme i1 {uic
daisque e carrd AD ¢l an carrd BC comme, en longueur, MB el 3 BK,
VIl AU, par partge, que fexcds du cai'ré AB ﬂn le Lﬂ.l‘l'é BC eft au
carré BC commie MK & K3 mais comme fe carrd BC efl au carrd CA aindi
Kb et aufli 3 {IA, car cecl a ¢ fuppol@ comme dans e premicr cas; done,
par ¢galicd, Texeds du carrd AD {ur fe carré BC fera au careé CA comme MK
efl L.A mais e rapporedu divexeds au caree CA el certainement plus 271.11}(1
que u,lul de da droite BC & CA M) dong anfit le rapport de MK 2 HA | ¢’eit-a-
dive de VP A PAL e plus grand que Jerapportde BCa CA ¢ LI%—a«ducde
850 0 OAL B, pur compolidion, le rappore de MA AP fera plus grand que
celul de MA 1 AD; dol uluni eque fepoine O tombc AL FAPPOIT AU point
Winterfedion 1 au cbed qui eft vers M, O: VE eft plus haut que 1Ky done,
pulsque ON eil néeeliuivement p.nm_iclc i i\ HE, le point O fera aulli plus
daut que Nz ce qui veilaic i démonirer.
S, enlin on
difuit que le corps
- A apres e choc
/ N W iy ‘;5 & comwinuera de o
{ A L L ! Y weonvolr vers e
s ' utme edtd avee Ia
: vitette  CIT [ #%5e,
Podsoceivech ceites ne orn an eee cande gue Taovitefle AC avec
fgueiie e mouvait avaag e canc: or, ie cerps 1 odevea dans e cas pri-
o e A avee i T s e Cewedts WO e I viiedle OF

Wi 4]

et e Tera Sk comnoge §l

Padt—ag* 4
£ >

B) Puisqulon g
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66 " DU MOUVEMENT DES CORPS PAR PERCUSSION,

mais EB celle du corps B, et cela dans la diretion indiquée par 'ordre des points

(Fig. 15.] ¢t lepoint E rombeen A,
Cidniicle corps A fera réduir
o, f. au repos; mais i B
“2+ rombe en B, le corps
“eovit Bfera en repos.
En effec, lorsque
enous  aurens montré
que ces événements fe
. paffent ainfi dans un
~ navire qui eft emporté
+avee une vitefle uni-
forme, il fera cercain
gu'ils arriveront de la
méme fagon pour celui
qui fe trouve & terre.
Figurons nous donc
. quele navire fe meuve
=i le long de la rive d’un
- fleuve et que dans
- ¢ce navire un paflager
1 porte de fes mains I,
. G deux boules A, B,
{uspendues & des fils,
Co lesquelles, en les mou-
. . vant avec des vitefles
AD & BD, favoir par rapport & lui-méme et au navire, il fafle fe rencontrer au
point D; mais pofons que le navire s’avance avec la viteffe DC dans la direc-
tion indiquée par Uordré des points 1D, C. Il arrivera donc que, par rapport

TR s i EAJEDBY). Alors que

TR

"% la rive et au fpe@areur qui s’y trouve, la boule A fe meut avec la viteffe AC

vers la droite, puisque par rapport au navire elle avait la vitefle AD. Mais

Ja boule B ayant dans le bateau la viteffe BD, aura par rapport & la rive la

vitefle BC vers la gauche. S$idonc le {pedtateur qui fecrouve fur la rive prend de
{es mains H K les mains F G du pailager, et avec ellesles tétes desfils qui foutien~
nen: les boules A B, il parait que tandis que le paffager, par rapport & hui-méme,

" les meut avec les vireffes' AD, BD, en méme remps ceiui qui eft fur la rive les -

meut, par rapport h lui. méme ef ¥ la rive, avec les vitefles AC, BC, Or,
puisque ces vitefTes font en proportion réciproque des grandeurs des corps A

et'B, il faut que ces corps, par rapport au méme {pectateut, rejailliffent de leur
" contat avec les mémes viteffes CA et CB, ainfi qu'il a éeé demoncré plus haue 3).

T
1,
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published in the Philosoohical Transasctions of the Royal

Society (1669) and the Journal de Scavans (1669). It is

the same result arrived st by Christopher Wren,

0f final interest 1g propositlion XI giving the
EEE law for impact: In the case of two colliding bodies,
the sum of thelr sizes /masses/ multiplied by the squares
of their veloclities will be found equal before and after
colllsion, The proof uses solid geometry. It eguates tﬁe
sum cof the two cubes constructed by means of lines representing
the sizs (grandeur) of bodies A and B on the squares formed
from the initial veloclities, with the cubes constructsed on

17

the gsouares formed from thelir finsgl velocities.
a

Huygens also used the principle-of living forcses in
his derivation of the law for the compound pendulum in the

Horologium Ogeillatorium (1673) where he employed the con-

cept that the center of gravity cannot rise to a height
higher than i1ts initial position.

In agserting this rule of motion for colliding bodies
involving mez Huygens did not apply it beyond the relstive
motion of bodies. It was Leibniz's contribution to inter-
oret this guentity as a measure of an absolute, réther than
ra relative quantity, existing in the universe as force. IHe

gaw ite nature as a conserved "substantial™ quantity which

17 |
Oeuvres,16, 73.
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could not be created or destroysed.

Coneclusgion

The work of Wallis, Wren and‘Huygens, when taken as
a unit correctly descrived the rules of moticn for the
collisgion of elastie and inelastic bodles. They corrected
Descartes! erroneocus law of the conservation §f guantity
of motion mivi to the conservation of nmv,

In the paper he presented to the Royal Society,
Wallis (1668) gave the law of conservaticn of momentum,
mv, for hard = inelastic bodies. In his Mechanica (1669-1671)
he gave the laws for elastic impact. Wren's paper, reazd to
the Royal Society in 1668, gave the law of momenbtum conser

vation for elastic bodies. Huygens: in the Prhilosophical

Transactions (1669) and the Journal de Scavans (1669) also

corrected Degcartes' quantity of motion and stated the

law of conservetion of mv", His hard bodiss bshaved as

For a discugsion of this comnariescn between Huygens
- and Leibnlz, ses Martial Gueroult, Dynemigue et metanhvsigue
Leibniziennes, Paris, 1934, 101, 105-106. Guerouls cites
Huygens, Oeuvrseg, 10, 61L.

For Huvgens'! reaction to Leibniz's 1686 paper (see
Ch. IIT, thie disertation) see_Oeuvres, 19, 162-165. Hers
Huygens concludes: "Aingi M. Leibniz n' s pas raison &f
imputer une telle errour a des Cartes, .... &%t que pour
cela 1l 2lt sunpose que la mesme force motrice s=oilt conservée
dans la nature; et qgue cette force motrice fust eguivalente
avec la gquantité de mouvements; qui sont 2 choses gu'on ne
trouve point que des Cartes silt avancées.”
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elastic bodiss, He gave a more detasiled discussicn of

impact in his De Mntu Corporum ex Psrcussione, laresl
! P goly

completed by 1656, but published posthumously in 1703,

The problem of impact became a central issue during
‘the controversy over living force which was initiated by
Leibniz in 1686 (See Cnh. III}. Those participanté who
éccepted mv as the measurse of force gsolved all impact
problems, elastic and inelastic, by use of conservstion
of momentum alone /Eg., 's Gravesande (1719) and Mazidre
(1726)/ 1In fsct this was the general method of solution
accepted in physics textbooks until the nineteenth century
(see azppendix). Theosza partiéipants however who champlonsd
Eig as the measure of force used only the principle of
living forces and mainly restricted themsgelves to sztraight-
forward well-known cases of impact. They were unable to
completely resolve ths prbblem of the lossg of mxz in |
inelastlc impact. Leibniz and Jean Bernoulli used both mv
and 2&2 in colliszion problems while insisting on mga as the

measure of force, Leibniz accounted for the loss of mv

in inelastic impact by steting that it was transferred to
and remained in the "small parts of matter'" as "when men
change lsrge money into small, "

Not until the controversy over living force had died
out and MV  had been accepted as a general conssrvation

principle, scmetime in the early nineteenth century, were
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problems of elastic impact solved by the asimulbtaneous use

Fal

of ths two conservation equations, momentum and kinetic

eNErgy.



