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The analysis of soil water partitioning in seasonally
dry climates necessarily requires careful consideration
of the periodic climatic forcing at the intra-annual
timescale in addition to daily scale variabilities. Here,
we introduce three new extensions to a stochastic
soil moisture model which yields seasonal evolution
of soil moisture and relevant hydrological fluxes.
These approximations allow seasonal climatic forcings
(e.g. rainfall and potential evapotranspiration) to
be fully resolved, extending the analysis of soil
water partitioning to account explicitly for the
seasonal amplitude and the phase difference between
the climatic forcings. The results provide accurate
descriptions of probabilistic soil moisture dynamics
under seasonal climates without requiring extensive
numerical simulations. We also find that the transfer
of soil moisture between the wet to the dry season
is responsible for hysteresis in the hydrological
response, showing asymmetrical trajectories in the
mean soil moisture and in the transient Budyko’s
curves during the ‘dry-down’ versus the ‘rewetting’
phases of the year. Furthermore, in some dry climates
where rainfall and potential evapotranspiration are
in-phase, annual evapotranspiration can be shown
to increase because of inter-seasonal soil moisture
transfer, highlighting the importance of soil water
storage in the seasonal context.

1. Introduction
Seasonal variations in climatic inputs (in particular,
rainfall and potential evapotranspiration) have garnered
considerable attention in recent years as controlling
factors for mean annual soil water partitioning [1,2],
2014 The Author(s) Published by the Royal Society. All rights reserved.
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plant responses and adaptive strategies [3,4], regional vegetation distribution, carbon fluxes and
primary productivity [5–8], with further implications for agriculture and land management [9].
These scientific emphases on the role of climate seasonality come at a time of discernible climate
change. For instance, increase in the global mean temperature compounded with significant
drying in some regions is likely to lead to increase in the frequency and the intensity of seasonal
droughts [10]. Meanwhile, rainfall seasonality and its interannual variability have been observed
to change in magnitude, timing and duration in the tropics [11]. Thus, it is important under these
contexts to be able to evaluate the extent to which intra-annual variations in climate inputs may
influence various ecohydrological processes.
Climate seasonality is a defining feature of many dry ecosystems, often characterized by a
distinct non-uniformity in their timing of annual rainfall. This results in one or two wet seasons
during which most of the annual rainfall occurs, separated by prolonged dry periods. Such
seasonal rainfall variations are regularly found in tropical dry, monsoon and Mediterranean
climates [12]. In terms of potential evapotranspiration, tropical dry and monsoon climates exhibit
high year-round net radiation with little fluctuation between the seasons owing to their presence
in the lower latitudes, whereas Mediterranean climates, which are typically found on the western
continental margins of the mid-latitudes, experience larger seasonal variations. Mediterranean
climates are also marked by out-of-phase cycles of rainfall and potential evapotranspiration
which manifest as hot, dry summers and cool, wet winters; this is particularly challenging for
plant life, because high productivity is limited to the beginning of the summer season before soil
moisture depletes [13]. It is rare in the study of these climates (and their coexisting ecosystems)
to reference commonalities shared with other seasonally dry regions, perhaps because of their
collectively expansive geographical extent and disparate meteorological drivers. However, it
is reasonable from an ecohydrological standpoint to treat them under a common framework
considering their similarly large hydroclimatic contrast between the seasons.
Our approach focuses on the analysis of two hydrologically important quantities in seasonal
climates: the mean soil moisture and the evapotranspiration ratio (defined as the proportion
of total rainfall lost from the soil through evapotranspiration). Budyko [14] found that the
long-term evapotranspiration ratios calculated over steady-state conditions for a large number
of watersheds fall onto a single curve when plotted as a function of their dryness indices
(mean annual potential evapotranspiration over rainfall), and since then, Budyko’s curve has
remained a staple in the analysis of hydrological partitioning [15–18]. Previously, the effect of
climate seasonality on soil water balance has been studied analytically using simple models [16]
and numerically for more complex models [19,20]. Others have adopted phenomenologically
derived relationships based on boundary conditions imposed by water or energy balances
[2,21]. Soil water storage has been found to play an important role in seasonal climates in
reducing losses through leakage and deep percolation, though such losses can be increased when
seasonal rainfall and potential evapotranspiration are out-of-phase, as in Mediterranean climates
[1,16,21]. Still, the problem of quantifying the mean pathways within the water cycle remains a
challenging one, requiring suitable characterization of random-like hydroclimatic forcings which
are simultaneously embedded in a periodic seasonal cycle.
Our main contribution here is to extend a physically based, stochastic model of soil moisture
[22] into a seasonal context. Previously, this model has been used to analyse the effect of climate,
soil and vegetation on various quantities of interest, including the mean soil moisture, plant
biomass and carbon uptake and storage [1,6,22,23], though the descriptions of climate seasonality
have so far been kept piecewise-linear to allow for mathematical tractability. The novelty of the
work presented here is in integrating the daily and seasonal variabilities consistently within a
stochastic framework. This bypasses the ad hoc use of seasonally ‘averaged’ forcings (e.g. from
monthly data) as driving factors in the soil water balance, because most soil water dynamics occur
at a much smaller (e.g. daily) timescale. In addition, our simple models bring out new insights
into seasonal soil moisture without resorting to impractically large numerical simulations.
We construct not only the long-term evapotranspiration ratio, but also transient departures
from Budyko’s curve at the intra-annual scale, showing hysteresis in the mean soil moisture

Downloaded from http://rspa.royalsocietypublishing.org/ on March 21, 2015

(a) Mean soil moisture dynamics
At the daily scale, assuming negligible horizontal redistribution via topographic effects, soil
moisture at a point is recharged through intermittent rainfall pulses of random depths, and
depleted through evapotranspiration, leakage and run-off. We neglect any contribution from
groundwater and focus only on surface water-dependent systems. In what follows, we focus
on the vertically averaged, plant available ‘effective’ soil moisture, x, at the daily timescale. The
range of x brackets the upper and lower limits of soil moisture available for plant uptake, with
x = 0 occurring at the plant wilting point sw , and x = 1 at s1 , which is the threshold above which
all soil water is assumed to be immediately lost through leakage and run-off. The threshold s1 is
physically related to soil properties and is typically situated between field capacity and complete
soil saturation [22,24]. Thus, x is simply a standardized version of relative soil moisture s,
defined by x = (s − sw )/(s1 − sw ). With the above assumptions, the effective soil moisture balance,
vertically averaged over the rooting zone, is [17,22,25]
w0

dx(t)
= R(t) − ET(x(t), t) − LQ(x(t), t),
dt

(2.1)

where w0 = nZr (s1 − sw ) is the maximum plant-available soil water storage volume per unit
ground area, n is the vertically averaged soil porosity and Zr is the rooting depth (e.g. cm). The
rate of change in the total volume of plant-available soil moisture (w0 (dx(t)/dt)) is governed
by the rate of rainfall R(t) (e.g. cm per day), evapotranspiration ET(x(t), t) (e.g. cm per day)
and leakage/run-off LQ(x(t), t) (e.g. cm per day). Rainfall is considered as a time-dependent
stochastic process and, at the daily scale, idealized as a marked Poisson process that is nonhomogeneous in time, with a time-dependent rate parameter λ(t) and the depth of rainfall drawn
independently from an exponential distribution of mean α(t) [25]. The sources of seasonality may
come from gradual changes in the mean frequency of rainfall and in the parameters that control
evapotranspiration.
Given the stochastic nature of all variables presented in equation (2.1), it is useful to introduce
some notation here to distinguish between ensemble averages and time averages. The ensemble
average of a generic stochastic variable u(t) ∈ [umin , umax ] with associated pdf p(u, t) at time t is
 umax  
u p(u , t) du ; this can be applied to all soil water partitioning
denoted by brackets as u(t) = umin
terms in equation (2.1). Furthermore, each time-dependent pdf p(u, t) has an associated quasisteady-state pdf pss (u, t), which is produced by applying the instantaneous conditions found
at t constantly over an extended period of time, until p(u, t) has reached steady state, yielding
pss (u, t). The resulting ensemble average produced from pss (u, t) is denoted by uss (t). In
parallel, we also make use of temporal averages which are represented by overbars, defined as
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2. Modelling mean soil moisture and Budyko’s curve at the seasonal level
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that is mediated by seasonal soil water storage. We neglect the contribution of capillary rise
from groundwater or deeper layers and consider only surface water-dependent systems where
groundwater is either very deep or its amount negligible. We also neglect the contribution of
lateral flow. These additional complexities would require substantial modifications to the existing
model and are left for future studies. Here, we focus on cases where soil moisture dynamics are
dominated by seasonally varying, stochastic rainfall.
In the following sections, we begin by introducing the stochastic mean soil moisture
model with three approximations for mean leakage/run-off and the corresponding Budyko’s
formulation. Next, the model results are presented using climatic parameters typical of tropical
dry and Mediterranean climates, with attention to the role of the phase difference between
rainfall and potential evapotranspiration. Then, we highlight seasonal hysteretic behaviour in
the transient evapotranspiration ratio and other hydrological terms as a result of seasonal soil
water storage and trace their projection along Budyko’s framework. Finally, the effect of climate
seasonality on the annually averaged Budyko’s curve is presented.
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Figure 1. Evolution of the soil moisture trajectories and pdfs over a year. Grey lines represent single realizations of stochastic soil
moisture according to equation (2.1). The thick black line is their ensemble average, and the dashed line is its time average over
a year. The pdf on the right panel is compiled for values over the entire year, whereas the pdfs along the trajectories correspond
to a particular day of the year. (Online version in colour.)
 t +T
ū = (1/T) t00 u(t) dt, where t0 and T are the initial time and period of interest. In the analyses that
follow, temporal averages are taken of the ensemble average u(t) over a year (T = Tyear ), which is
the natural period over which seasonal climatic variations occur. As such, once we neglect initial
transients and consider only the seasonally periodic stochastic process, the temporal average
of the ensemble over a year will be equivalent to the long-term temporal average; both will be
designated by u(t). Figure 1 is a schematic showing the evolution of the stochastic soil moisture
trajectories x(t) in grey, their associated pdf p(x, t) at six points in the year, their ensemble average
x(t) as a bold line, and their long-term average as a dashed line.
The mean soil moisture balance corresponding to equation (2.1) can be written in its
normalized form as
dx(t) R(t) ET(x(t)) LQ(x(t), t)
=
−
−
,
(2.2)
dt
w0
w0
w0
with the macroscopic equation accounting for the mean effects of random rainfall as [17,23],
1

dx(t) λ(t)
ET(u)
λ(t) 1 −γ (t)(1−u)
=
−
p(u, t) du −
e
p(u, t) du,
(2.3)
dt
γ (t)
γ (t) 0
0 w0
where γ (t) = w0 /α(t).
When considering averages over a large area of heterogeneous soil and vegetation,
evapotranspiration may be assumed to depend linearly on x, taking a value of 0 at x = 0 to ETmax
at x = 1 [22]. Thus, the evapotranspiration term on the right-hand side of equation (2.3) can be
simplified as

1
ET(u)
ETmax (t) 1
p(u, t) du =
up(u, t) du = k(t)x(t),
(2.4)
w0
0 w0
0
where k(t) = ETmax (t)/w0 . We adopt a simplified notation in the rest of the paper, where the
time dependence of a function is denoted by a subscript t. Equation (2.3), now approximating
evapotranspiration, can be reduced to
λt
dxt  λt
=
− kt xt  − e−γt (1−xt ) ,
dt
γt
γt
where
e−γt (1−xt )  =

1
0

e−γt (1−u) pt (u) du.

(2.5)

(2.6)

Equation (2.5) is not closed because the last term, in which the ensemble average is taken over the
exponential of soil moisture instead of over the soil moisture itself, is not known in terms of xt .
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ba xa−1 e−bx
,
Γ (a) − Γ (a, b)

xss =

ba−1
a
−
e−b ,
b Γ (a) − Γ (a, b)

(2.7)

where a = λ̄/k̄ and b = γ̄ are constant values, and Γ (·, ·) indicates a truncated gamma function [26].

(b) Approximating the average leakage/run-off (LQ)
The complication of solving equation (2.5) under fully seasonal conditions arises from the
nonlinear time dependency in each of the parameters, and our lack of information on the full pdf
pt (x) at every time point, which is required to quantify the leakage/run-off term, which in turn
governs the evolution of mean soil moisture. Here, we present, in order of increasing complexity,
four treatments to the LQ term in equation (2.6). These approximations reduce equation (2.5) into
an ordinary differential equation (ODE) for xt .
We start by considering cases where LQt  can be effectively neglected. Such an assumption is
justified when the mean rainfall depth αt is low relative to the soil root depth w0 or if rainfall is
infrequent, corresponding to small λt . Such is often the case in extremely dry climates or during
the dry season. Equation (2.5) subsequently becomes
dxt  λt
=
− kt xt .
dt
γt

(2.8)

We can explicitly solve this simple ODE with initial value x0 if all parameters are considered to
be constant (e.g. within the same growing season), resulting in an analytical solution of
xt  =



λ
λ
e−kt .
+ x0 −
γk
γk

(2.9)

Indeed, the full solution to the stochastic differential equation (2.1), pt (x), is available when
constant parameters are assumed for this case [13]. However, because these assumptions do not
place an upper bound on the value of xt , they also result in significant overestimation of xt 
when there is leakage or run-off. Other implications for soil moisture and plant water stress are
extensively discussed in reference [13] under constant climate conditions for the growing season.
The next three cases are newer improvements on equation (2.5) that approximate LQt  using
various assumptions for pt (x).

(i) Quasi-steady-state approximation
The first treatment approximates the instantaneous pdf of soil moisture by its quasi-steady-state
pdf as determined by the corresponding environmental parameters,
pt (x) ≈ pt,ss (x),
where the shape and rate parameters from equation (2.7) are now at = λt /kt and bt = γt . That is,
the parameters found at each instant t, i.e. λt , kt , and γt , are ‘frozen’ as constants and applied
to a parallel homogeneous stochastic process until it has reached steady state, represented by
pt,ss (x). This is similar to assuming that the inhomogeneous process can instantaneously reach
steady state at every point in time. Examples of pt,ss (x) are shown in figure 2 at different times of
the year.
Hence, we substitute pt,ss (x) in place of pt (x) in the formula for mean leakage, shown in
1
equation (2.6) as LQt /w0 = (λt /γt ) 0 e−γt (1−u) pt (u) du. It follows that the instantaneous ensemble
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pss (x) =
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Because it will be used later, we note here that the pdf of x and its ensemble mean are already
known under steady-state conditions for constant parameters, in the form of a truncated gamma
distribution with shape parameter a and rate parameter b [22],
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Figure 2. Comparison of the three approximations of soil moisture pdf, pt (x), at different times of the annual cycle. The
histograms are compiled from 2000 stochastic simulations. The quasi-steady-state and the self-consistent truncated gamma
approximations (model 1 and 3) give pdfs as truncated gamma distributions (pt,ss (x) and p∗t (x), dashed and solid lines), whereas
the negligible fluctuation approximation (model 2) gives pdfs as Dirac delta functions (δ(x − xt ), thick arrow). The four time
points correspond to when soil moisture is wet (day 25), drying down (day 235), dry (day 285) and rewetting (day 335) as depicted
in figure 1. (Online version in colour.)

leakage LQt  is approximated by the steady-state leakage value LQt ss , calculated using
instantaneous environmental values at t and given by
LQt  ≈ LQt ss = Rt  − ETt ss = Rt  − ETmax,t xt ss .
Equation (2.5) can now be written by applying equation (2.7) for xt ss as
λ /k

γt t t
dxt  λt
kt
=
e−γt .
− kt xt  −
dt
γt
γt Γ (λt /kt ) − Γ (λt /kt , γt )

(2.10)

The previous equation suggests that this particular form of leakage/run-off can be combined
with the original rainfall process to be considered as a new censored marked Poisson process,
λ /k
where the equivalent rainfall frequency can now be defined as λt = λt − kt γt t t e−γt /(Γ (λt /kt ) −
Γ (λt /kt , γt )), where λt is strictly positive. Additionally, equation (2.10) can be cast into an
equivalent form of
dxt 
= kt (xt ss − xt ),
dt

(2.11)

where changes in the mean soil moisture is dictated by the difference between its current
value xt  and its quasi-steady-state value xt ss . The approximation of pt (x) by pt,ss (x) is most
appropriate when soil moisture can quickly adjust to changes in its environment, which is the case
when soil water storage is small. Figure 2 also shows that the difference between true steady-state
soil moisture and pt,ss (x) diminishes during persistently wet or dry periods. During the dry-down
and wetting-up periods, the quasi-steady-state approximation predicts soil moisture values that
are, respectively, lower and higher than true steady-state values because it does not capture the
effect of soil moisture transfer over time. Thus, this treatment of the leakage term is expected to
work well at small γt values and in conditions where the environmental parameters do not change
quickly. Because xt ss can be calculated using environmental parameters only and do not depend
on the state variable xt , this approximation results in an inhomogeneous, linear, time-dependent
ODE that can be formally solved (see, for example, page 14 of [27]).
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(ii) Negligible fluctuations approximation

7

These are shown as spikes at xt  in figure 2. The substitution of the Dirac delta function into the
pdf in equation (2.5) results in e−γ (1−xt )  = e−γ (1−xt ) in the leakage term, and correspondingly,
the new soil moisture equation becomes
λt −γt (1−xt )
dxt  λt
=
− kt xt  −
e
.
dt
γt
γt

(2.12)

Because e−γ (1−x) for any value of x is a convex function, by Jensen’s inequality, e−γ (1−xt )  ≥
While we thus know that the approximated mean leakage must be smaller or equal
to the actual mean leakage at any given time point, the cumulative result of this estimation is
more difficult to predict, because the evolution of xt  necessarily depends also on the history
of its seasonal variations. The difference between e−γ (1−xt )  and e−γ (1−xt ) decreases as the
soil moisture pdf becomes naturally concentrated around its mean; this happens as the true
value of soil moisture approaches its upper or lower bounds (for example, as during the wet
period in figure 2). Thus, we may expect this approximation to perform better in conditions that
allow soil moisture to remain perennially close to its bounds, such as in extremely wet or arid
environments where soil moisture is continuously saturated or otherwise dry. Unlike the previous
approximations, equation (2.12) is a nonlinear ODE. While an analytical solution is unavailable,
its closed form allows numerical solutions to be easily found using simple ODE solvers.
e−γ (1−xt ) .

(iii) Self-consistent truncated gamma approximation
The last treatment approximates the instantaneous soil moisture pdf pt (x) by a truncated gamma
distribution with parameters consistent with the evolution of the mean soil moisture. The
shape parameter of the truncated gamma distribution—which is the pdf of x under steady-state
conditions (equation (2.7))—is constantly adjusted, so that the resulting pdf will have its mean
centred on the current value of xt . This combines the advantages of the quasi-steady-state
approximation to better capture the overall shape of pt (x) with the negligible fluctuations
approximation’s ability to track its mean.
The mean of the truncated gamma distribution with given shape parameter a and rate
parameter b can be calculated using equation (2.7). To match it to the mean soil moisture value at
any given time, we set the instantaneous rate parameter to bt = γt (similar to the quasi-steady-state
model) and obtain an implicit function at = f −1 (xt ; γt ) for the instantaneous shape parameter at
in terms of xt  and γt , where
f (at ; γt ) =

γtat −1
at
e−γt = xt .
−
γt
Γ (at ) − Γ (at , γt )

(2.13)

The resulting truncated gamma distribution, p∗t (x), parametrized by bt = γt and at = f −1 (xt ; γt ),
where f −1 is the inverse of equation (2.13), has its mean equal to xt  (figure 2). The shape of the
inverse function f −1 is illustrated in figure 3 for γt = 5.5.
Substituting the formula for p∗t (x) into equation (2.6), the governing equation (2.5) becomes
γtat
dxt  λt
kt
=
e−γt ,
− kt xt  −
dt
γt
γt Γ (at ) − Γ (at , γt )

at = f −1 (xt ; γt ).

(2.14)

We emphasize here that the equations in (2.14) form a closed set; substituting f −1 (xt ; γt ) in
place of at ensures that the ODE, as a function for xt , can be solved using simple numerical
solvers in much the same way as equation (2.12). The additional complexity of this model comes
only from having an implicit function embedded within the ODE. In fact, this ODE is similar to

...................................................

pt (x) ≈ δ(x − xt ).
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The next treatment assumes that the soil moisture pdf itself is concentrated entirely on its mean
value, represented by a Dirac delta function at xt , i.e.
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Figure 3. Inverse function of equation (2.13), used for the self-consistent truncated gamma approximation, shown for γt = 5.5.
The dashed lines are used to indicate that at = λt /kt corresponds to xt  = xt ss . In fact, this is the value used for the
parameter at in the quasi-steady-state model in equation (2.10).

the ODE derived from the quasi-steady-state approximation (equation (2.10)), where the rainfall
and leakage/run-off process can again be considered as a new censored rainfall process with
an equivalent, strictly positive rainfall frequency, λt = λt − kt γtat e−γt /(Γ (at ) − Γ (at , γt )), which is
now also dependent on the current value of mean soil moisture through at = f −1 (xt ). We have
chosen to solve for at as function of xt  while keeping bt = γt , because the run-off generation
mechanism acts as a censoring of the rainfall process; in a censored process, the size of the marks
(e.g. rainfall depths) can be drawn from an exponential distribution with the same normalized
mean of γt as the original process, owing to the memoryless property of exponential distributions
[28]. Furthermore, the parameter at for a given bt is directly proportional to the mode of the
truncated gamma distribution, suggesting that the mode might be better used to summarize the
effects of pt (x) instead of its mean.
The difference between this approximation and the quasi-steady-state approximation is that
the leakage/run-off term is no longer predetermined by environmental conditions but rather
needs to be solved implicitly using current values of xt . This modification produces considerable
improvements in the approximation to the true values (figure 2 and appendix A). While relatively
more computationally costly because of the inversion required for f −1 , it still reduces the problem
to that of solving a nonlinear ODE and eliminates the need to simulate the full random processes
associated with stochastic rainfall realizations.

(c) Budyko’s formulation
In addition to the mean soil moisture evolution over a year, we are also interested in the
partitioning of rainfall into evapotranspiration and leakage/run-off. A synthetic representation
of the evapotranspiration ratio, defined as the ratio of evapotranspiration over rainfall, is
provided through Budyko’s curve as a function of the dryness index, defined as the ratio of
potential evapotranspiration over rainfall [14]. While Budyko first introduced this framework
under steady-state conditions using long term means, where λt = λ̄, kt = k̄ and γt = γ̄ are
considered constant, it is possible to apply his framework also to instantaneous and annually
averaged quantities.
For example, the instantaneous partitioning terms using time-dependent parameters are
Dt  =

γt
kt ,
λt

ETt  γt
= kt xt .
Rt 
λt

The annually averaged curve using seasonal parameters that change over time can
be constructed by using the time average of the instantaneous dryness index and the

...................................................

lt /kt
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evapotranspiration ratio, i.e.

t

γt
kt dt,
λt

ET
R̄

=

1
Tyear

 t+Tyear
t

9
γt
kt xt  dt,
λt

where Tyear is the length of the year. While t is contained in the integral limits, the resulting
quantifies do not depend on t, because the integrations are conducted over their natural period
of variation, namely over a year. For that same reason, in the absence of inter-annual variabilities
which is the case considered here, D̄ is also the same as the classical, long-term dryness index
introduced by Budyko. Finally, Budyko’s evapotranspiration ratio using long-term mean climatic
parameters is shown as
ETss γ̄
= k̄xss .
Rss
λ̄

3. Results
(a) Comparison with stochastic simulations
The three new approximations of the LQ term described in the previous section—quasi-steadystate, negligible fluctuations and self-consistent truncated gamma— allow complete flexibility
in the climatic inputs during modelling of seasonal soil moisture dynamics. Their results
are compared here with numerical simulations using parameters typical of tropical dry and
Mediterranean climates. We start each run with an arbitrary initial condition x0 = 0.5. At each
time step, changes in the effective soil moisture x is determined by inputs from rainfall and
output from ET and LQ as determined by the time-dependent climate parameters. Rainfall is
generated according to a non-homogeneous, marked Poisson process with mean frequency λt and
mean intensity γt . We adopt sinusoidal forms to describe rainfall and potential evapotranspiration
inputs λt and kt , e.g.
(3.1)
vt = μv + Av sin(ωt + φv ),
where vt is a stand-in variable for λt or kt , μv is the annual mean, Av is the amplitude of seasonal
variation, φv is the phase and the period ω is set to a year. If rainfall depth at a time exceeds soil
water storage (i.e. 1 − x, with 1 being the upper bound of effective soil moisture), soil moisture
is filled to its upper bound at x = 1 and the rest of rainfall is lost to leakage/run-off. Loss from
evapotranspiration occurs as a linear function of x. The mean soil moisture xt  is calculated over
many iterations, with the initial transient state discarded.
Results from a representative tropical dry and Mediterranean climates are shown in figure 4.
For Mediterranean climates, specific climate parameters are set to (μλ , Aλ ) = (0.3, 0.2) and
(μk , Ak ) = (0.03, 0.02), with the phase difference φk − φλ = 180◦ to reflect a hot, dry summer and a
cool, wet winter (top panel, figure 4). For the tropical dry climate, potential evapotranspiration
is set to high year-round with mild fluctuations, e.g. (μk , Ak ) = (0.06, 0.02), with more dramatic
changes in rainfall between the seasons, (μλ , Aλ ) = (0.6, 0.575). Both climate types are set to
a constant soil storage index of γt = 5.5, consistent with a globally averaged effective rooting
depth [22].
The bottom panels of figure 4 show comparisons of the simulation and the model outputs for
mean soil moisture xt , water partitioning components ETt  and LQt , and an instantaneous
Budyko-type partitioning, e.g. ETt /Rt  versus Dt , for every time point of the year. As
expected, the self-consistent truncated gamma approximation followed the trajectory of the
simulations most closely for all terms of comparison. The other two models do well enough in
capturing the time evolution of the mean leakage/run-off and mean evapotranspiration as well
as the general arc of seasonal mean soil moisture evolution. For example in the Mediterranean
climate, all three models were able to show the surge in evapotranspiration at the beginning and
end of the summer season. Further analyses in appendix A show that when considering annually
averaged values, all three models are also able to capture the annual evapotranspiration ratio
ET/R̄ to within a threshold of 0.05 under more general conditions.
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and the evapotranspiration ratio over dryness index, ETt /Rt  versus Dt . Parameter values are as described in the text.
(Online version in colour.)

In addition, all three models also demonstrate hysteretic behaviour, wherein the same climate
condition may not result in the same hydrological response owing to the effect of transient soil
water storage. This can be seen in the ‘loop’ of the transient Budyko curves, as well as a similar
loop in the relationship between xt  and LQt  (not shown). For any given dryness index Dt , the
corresponding ETt /Rt  value can fall within two domains—one along the upper ‘dry-down’
trajectory and one along the lower ‘rewetting’ trajectory. The reason more evapotranspiration
can occur on average during the ‘dry-down’ trajectory is that stored soil moisture can be carried
over in greater amount from a wet period than from a dry period, accentuating the role of soil
water storage.

(b) Transient departures from Budyko’s curve
The previously described hysteresis of mean soil moisture and evapotranspiration ratio is further
explored in this section. Here, we expand the projected views in the bottom panels from figure 4
with an additional dimension for time and show that increasing the phase difference between
rainfall and potential evapotranspiration will further increase the asymmetry in the curves
between the wet and dry season.
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Figure 5. Transient trajectories of ETt /Rt  as function of Dt  and time of year are shown for climate parameters similar to
those of Mediterranean and tropical dry climates analysed in figure 4. Each loop is derived from the same climate inputs with the
exception of the phase difference between rainfall and potential evapotranspiration, with the thick grey lines showing results
for out-of-phase and thick black lines for in-phase. The +1 on the time of year axis corresponds to when maximum rainfall
occurs (wet season) and −1 corresponds to timing of minimum rainfall (dry season). The annual average value for each loop
falls on a single point on the annual Budyko’s curves, shown as dashed lines (black and grey) for those that account for climate
seasonality, and as thin black lines for the classical curve which considers only annually averaged climate values.

Figure 5 shows expanded views of the transient Budyko’s curves produced from the selfconsistent truncated gamma approximation, parametrized by the same mean and amplitude for
both rainfall and potential evapotranspiration inputs as in the Mediterranean (figure 5a) and
tropical dry (figure 5b) climates shown previously in figure 4. In other words, the difference
between each transient curves are attributed only to the phase difference between rainfall and
potential evapotranspiration, with the thick black line showing a phase difference of 0◦ and
the thick grey line showing 180◦ . For comparison, the classical steady-state Budyko’s curve and
the annually averaged Budyko’s curves parametrized with seasonal climatic inputs are shown,
respectively, as a thin black line and two dashed lines, black and grey, for a greater range
of the dryness index. While the instantaneous dryness index and evapotranspiration ratio for
the transient curves might fluctuate over a range of values over the year, each transient curve
collapses to only a single point placed on the annually averaged curves.
Figure 5 shows that in both climate types, increase in the phase difference results in a larger,
more asymmetrical hysteresis loop between the two seasons. Because this is due to the transfer of
stored soil water from the wet season to the dry season, it implies that seasonal soil water storage
becomes more important as rainfall and potential evapotranspiration become more out-of-phase.
In Mediterranean climates, there is a sizable part of the year during which the instantaneous
evapotranspiration ratio is above 1, where the high evapotranspiration is sustained not only
from rainfall inputs but also from residual soil water carried over from the wet season. This
‘water-deficit’ portion of the curve diminishes as the climatic inputs become more in-phase,
when as a consequence evapotranspiration occurs mostly when the rainfall input is also high.
In tropical dry climates, even though the climatic inputs are in-phase, there is still a relatively
large excursion of the instantaneous evapotranspiration ratio above 1, because rainfall is so low
during the dry season that even a small amount of stored water from the wet season will allow
evapotranspiration to surpass the rainfall input during the dry season.

(c) Annual Budyko’s curve
The annually averaged Budyko’s curves calculated from seasonal climatic inputs are shown in
figure 6 as a function of seasonal rainfall amplitudes, with the rainfall signal both in-phase (black)
and out-of-phase (grey) with potential evapotranspiration, with a phase difference of 0◦ and

...................................................

3.5
3.0
2.5

rspa.royalsocietypublishing.org Proc. R. Soc. A 471: 20140623

1.2
1.0

Downloaded from http://rspa.royalsocietypublishing.org/ on March 21, 2015

(b)

Mediterranean

tropical dry

0.8

0.4

0.8

·ETÒ/·RÒ

0.6

0.6
0.4
0.2

0.2
0

0.1

0.2

0.3

Al

0.4

0.5

0.6 0

0.5

1.0

1.5

–
·DÒ

0
2.0

0

0.1

0.2

0.3

Al

0.4

0.5

0.6 0

0.5 1.0

2.5 3.0
1.5 2.0

0
3.5

–
·DÒ

Figure 6. The annual Budyko’s curves are shown as function of rainfall seasonality. (a,b) Shows curves that are derived from
the same potential evapotranspiration input (μk and Ak ) as those found in Mediterranean (a) and tropical dry (b) climates of
figure 4, with the black meshes for when rainfall and potential evapotranspiration are in-phase, and grey meshes for when they
are out-of-phase. The particular cases shown in figure 4 (with given rainfall means μλ ) are annually averaged to single points,
residing on a seasonal Budyko’s curve (dashed line) with a corresponding rainfall amplitude. Both points coincidentally have a
dryness index of D̄ = 0.55.
180◦ , respectively. The evapotranspiration ratios ET/R̄ are found using the quasi-steady-state
approximation and calculated as the complement of LQ/R̄; this is justified when mean soil
moisture xt  have reached periodic steady state over the year. The particular curves on which
the Mediterranean and tropical dry climates shown in figure 4 reside are highlighted as dashed
curves. In fact, these dashed curves are exactly the same as the dashed seasonal curves shown in
figure 5 of the same colour. The reason that the graphs do not extend to all D̄ values is that there
is an effective upper bound to the rainfall amplitude allowed for each mean rainfall level (which
corresponds to a dryness index value) owing to the fact that rainfall frequency λt at any given
point cannot fall below 0.
It can be seen that the annually averaged evapotranspiration ratio is lower for an out-of-phase
climate than an in-phase climate, regardless of seasonal rainfall amplitude. In general, increasing
seasonal rainfall amplitude decreases the annual evapotranspiration ratio. However, in some
cases (left panel, at high D̄ values), when the climatic inputs are in-phase, the annual
evapotranspiration ratio can first increase with increasing rainfall amplitude before decreasing.
This means that in some dry conditions, rainfall seasonality can actually result in more
annual evapotranspiration compared with non-seasonal climates experiencing the same mean
conditions. This is again due to seasonal soil water storage which transfers rainfall in the wet
season to be used during exceptionally dry periods, which is otherwise not possible in a uniformly
dry year.

4. Discussion and conclusion
To facilitate the analyses of hydrological processes under seasonally varying climates, both at
the annual and intra-annual timescales, we introduced three new approximations to a stochastic
soil moisture model which were used to construct relatively parsimonious ODEs that closely
described the seasonal trajectories of mean soil moisture and its associated pdfs. This links
daily stochastic soil moisture dynamics to its seasonal patterns in a direct and consistent way.
It is also a considerable advantage over having to simulate stochastically rainfall input at every
time step and taking the ensemble mean over many realizations, and moreover is amenable to
analytical formulations.
The resulting mean soil moisture trajectories are used to investigate the effect of
transient soil water storage in seasonal climates. The mean soil moisture and instantaneous
evapotranspiration ratio both exhibit hysteresis because of seasonal soil moisture storage,
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Appendix A. Model performances
The accuracy of the three models introduced in this study is checked against simulation
results under more general climate conditions. Figure 7 shows differences in the annual
evapotranspiration ratio ET/R̄ as calculated from model results versus simulations. Three
climatic conditions are considered, using the standard sinusoidal form in equation (3.1):
(i) dry, (μλ , Aλ ) = (0.2, 0.1); (ii) seasonal, (μλ , Aλ ) = (0.5, 0.5) and (iii) wet, (μλ , Aλ ) = (0.9, 0.1), with
three constant soil storage indices γt = 3, 5.5, 30, and five phase difference regimes between
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whereby evapotranspiration occurs during the dry season using soil moisture carried over from
the wet season as supplements to minimal rainfall inputs. This results in a significant portion
of the year during which the instantaneous evapotranspiration ratio stays above 1, which can
be further prolonged as rainfall and potential evapotranspiration become more out-of-phase. In
some dry environments, the annual evapotranspiration ratio can increase under seasonal climates
precisely, because soil water storage allows a more ‘efficient’ mode of evapotranspiration by
transferring soil moisture between seasons.
The main results brought out by our models are consistent with those from other empirical
studies. The importance of monthly soil moisture carryover has previously been pointed out
by Jothityangkoon & Sivapalan [29], who, by incorporating seasonality and soil water transfer
between storm events, were able to achieve a much better match between observed and predicted
interannual variability of water balance for selected catchments in the United States, Australia and
New Zealand. Likewise, inclusion of a monthly carryover factor in Gerrits et al. [30] significantly
improved predictions of annual water balance in semiarid areas in Africa. While these studies
highlight the role of seasonal soil water storage on annually integrated quantities, we have
explicitly related soil water storage to their seasonal, hysteretic dynamics. Petrie & Brunsell [31]
used the seasonality of potential evapotranspiration to induce such hysteresis in the presence
of soil water storage, but we have extended the analysis here to account also for the complex
interplay between seasonal magnitude and timing of rainfall and potential evapotranspiration
(via their amplitude and phase difference). Our models also predict that increase in the phase shift
between atmospheric demand and water supply (towards more Mediterranean-type climates)
decreases the annual evapotranspiration ratio. This has been shown through first-order modelling
exercises [1,16] and has recently been corroborated with observations across a global network of
flux towers [32].
While our approach captures well the hydrological influence of seasonal climate variability,
the simultaneous contributions from seasonal variation in soil water storage (as a result of
between-season changes in rooting depths or vegetation cover), groundwater and interannual
variability in the seasons, which are all known to affect annual soil water partitioning, remain
to be explored. Vico et al. [4] recently investigated plant water and carbon uptake based on
different physiological and phenological strategies in seasonally dry ecosystems using a coupled
model of soil water (including deeper, more persistent storage) and plant carbon balances. The
versatility of the models introduced here can allow for similar future extensions to account for
the role of groundwater dynamics and vegetation water uptake strategies on seasonal and annual
water partitioning.
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Figure 7. Difference in the annual evapotranspiration ratio ET/R̄ as calculated between each of the three models and
simulation. The potential evapotranspiration parameters are the same for all cases ((μk , Ak ) = (0.03, 0.01)), whereas three
rainfall conditions are considered: (i) dry, (μλ , Aλ ) = (0.2, 0.1), (ii) highly seasonal, (μλ , Aλ ) = (0.5, 0.5) and (iii) wet,
(μλ , Aλ ) = (0.9, 0.1), with the phase difference between rainfall and evapotranspiration φ ranging from 0◦ to 180◦ in 45◦
increments, and soil storage indices γt = 3 (a), γt = 5.5 (b) and γt = 30 (c). The three solid bars in each cluster (from left
to right) represents the difference between simulation and the quasi-steady-state model (model 1), the negligible fluctuations
model (model 2) and the self-consistent truncated gamma model (model 3). Scale bars indicate that all differences considered
are within a threshold of 0.05. (Online version in colour.)

rainfall and potential evapotranspiration (while potential evapotranspiration itself remains
the same at (μk , Ak ) = (0.03, 0.01) for all cases). The three clustered bars represent results
from each model, with the leftmost for the quasi-steady-state approximation, the middle for
the negligible fluctuations approximation and the rightmost for the self-consistent truncated
gamma approximation. As can be seen, all models are able to capture simulation results for
ET/R̄ to within a conservative 0.05 threshold, with the self-consistent truncated gamma
approximation (model 3) performing the best overall, as expected. The negligible fluctuations
approximation (model 2) does not do as well in some cases, whereas the quasi-steady-state model
(model 1) has a weakness under seasonal climates with deeper soils. Nevertheless, for γt = 5.5,
which is adopted for our tropical dry and Mediterranean examples, the quasi-steady-state model
can capture ET/R̄ very accurately under broad rainfall conditions, justifying its use for the
results shown in the annually averaged values (for example, in figure 6).
We also evaluate the ability of the models to follow intra-annual variations in mean soil
moisture, which influences their ability to reproduce the transient trajectories of figure 5. The
modelled values are evaluated using their pattern correlation (PC) and centred RMSE over an
annual cycle when compared with simulated values. These measures are related to each other
through RMSE = σf2 + σr2 − 2σf σr PC, where σf and σr are the standard deviations, respectively, of
the modelled and simulated values. This relationship can be concisely summarized in the Taylor
diagrams [33] of figure 8. The triangle, diamond and circular markers now represent, respectively,
the quasi-steady-state model, the negligible fluctuations model and the self-consistent truncated
gamma model. Each is subjected to the same climate and soil conditions as in figure 7, except the
phase difference between rainfall and potential evapotranspiration is restricted to 0◦ (in-phase)
and 180◦ (out-of-phase).
We find in figure 8 that the self-consistent truncated gamma model vastly outperforms the
other two models, especially in highly seasonal climates. In the Taylor diagrams at the top,
the self-consistent truncated gamma model markers (circles) have the shortest distance to the
simulation marker (star), which indicates the lowest values of RMSE. Here, all values are
normalized with respect to the standard deviation of the simulation [33]. The bottom panels
show the RMSE for all models using non-normalized results; thus, the values represent how
much modelled mean soil moisture deviates from the simulated results in absolute terms.
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The self-consistent truncated gamma model shows a remarkable level of fidelity to simulation
results under all conditions considered. The RMSEs for the other two models tend to grow
with increasing soil depth, with especially large errors in highly seasonal climates attributable
to their tendency to exaggerate the variations in mean soil moisture over each season, resulting
in a larger standard deviation compared with simulations. These plots collectively show that we
can be confident in our use of the self-consistent truncated gamma model to produce transient
trajectories in figure 5.

Appendix B. Nonlinear effects of climate seasonality
Failure to consider seasonal variations in the climate can lead to significant underestimation of the
proportion of the annual rainfall lost through leakage/run-off, and thus an overestimation in the
annual evapotranspiration ratio. We illustrate this point by comparing ET/R̄ calculated from
seasonally varying climate parameters with the same ratio calculated from annually averaged
climatic parameters. Both sets of climatic parameters have the same annual mean, which is often
used as a first point of reference when making comparisons between regions of different climates.
However, climate averages, while maybe acceptable for an order-of-magnitude approximation,
can often obscure the large effects of the inherent nonlinearities in the soil system [34].
Figure 9 considers the effects of nonlinearity in the soil moisture model resulting from
explicitly considering seasonal rainfall parameters. The standard sinusoidal form (3.1) is used
for both rainfall and potential evapotranspiration, with (μk , Ak ) = (0.03, 0.01). The amplitude of
rainfall seasonality, Aλ , varies along with the phase shift φ = φk − φλ , which changes from 0◦
(in-phase) to 180◦ (out-of-phase). The grey and black meshes show the results, respectively, for a
deeper soil of γt = 30 and a typical soil depth of γt = 5.5. It is worthwhile to stress that the results
in each panel are derived from the same mean climatic parameters.
Errors in ET/R̄ generally grow with increasing climate phase shift and increasing rainfall
seasonal amplitude. In the case of a wet location with high seasonal rainfall and deep soil, error
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Figure 9. Errors in the calculation of ET/R̄ using the quasi-steady-state model through the exclusion of rainfall seasonality.
Black meshes are calculated for γt = 5.5 and grey for γt = 30. A drier case (μλ = 0.3) is considered in (a), with a wetter case
(μλ = 0.7) in (b); both have (μk , Ak ) = (0.03, 0.01), phase difference φ from 0◦ (in-phase) and 180◦ (out-of-phase), and
rainfall amplitude Aλ of 0 to μλ . In both cases, not accounting for seasonality can result in an overestimation of ET/R̄,
exacerbated by the combined effects of increasing rainfall amplitude and phase difference.

can grow to as much as 0.30 when rainfall and potential evapotranspiration are out-of-phase, as in
Mediterranean climates. For low rainfall of μλ = 0.3, errors in ET/R̄ are more pronounced for
shallower soil depth of γt = 5.5. This is probably caused by the generation of a substantial amount
of leakage through to a relative lack of soil water storage. On the other hand, for high rainfall of
μλ = 0.7, increasing rainfall amplitude Aλ may actually decrease the calculated error, especially
for deeper soils when the climate inputs are in-phase. However, this trend quickly reverses, with
the errors increasing again once rainfall amplitude increases past a certain level.
Altogether, these observations show that assessing hydrological variables containing
inherently nonlinear behaviour, such as the case with ET/R̄, in the presence of climate
seasonality can produce a range of unexpected behaviours, and that their approximation using
annually averaged inputs can often lead to misleading results.
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