
Our setup generally follows Diamond and Mirrlees (1971.),  hereafter DM.  There are n-goods and we will represent prices and quantities as column n-vectors.  The net demand for these goods is x, with the usual convention that x <0 are net supply of factors by households and x > 0 are consumed goods (e.g. oranges).  Consumer prices are q.  The budget constraint is q’x = 0. (The ‘ symbol means transpose.)  Taxes are t = q – p, where p are producer prices.
We assume constant returns to scale, p’y=0, where y is the net output vector of firms.  This is the usual assumption in theoretical taxation.  We will also assume that p is fixed.  This makes derivatives of demand with respect to q and with respect to t the same.  The alternative, as in DM, is that derivatives with respect to q are the same as those with respect to t, holding p fixed. 
The government uses its tax revenue to buy a fixed bundle of netputs, z.  Equilibrium requires that y + z = x.  We are agnostic as to whether the government produces some goods that the private sector does not produce and as to whether those goods are private or public in character.  Because z is a fixed bundle, it will simply appear as a parameter in the utility function.

The government’s budget constraint is always satisfied:  From Walras’ Law, p’y +p’z =p’x, so p’z = q’x + t’x, so p’z = t’x.  Government expenditure always equals tax revenue.
The indirect utility function is V(q).
  Some goods produce an externality, damage.  To keep things simple, consider damage to be D’x, where D is a constant vector (and is both marginal and average damage.)  There are many consumers, so that each takes D’x as given when he makes his own consumption decision and we state all results on a per capita basis.  Welfare (per capita) is then W = V – D’x
Feasible tax changes

We know that p’z is constant and equal to revenue, R=  t’x.   A feasible (tax take constant) variation in tax rates is then 
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Since revenue is t’x, taxes on large x’s, like labor, do not have to change much relative to taxes on small x’s like refrigerators.  Because of the sign convention (labor supply is a negative x), a feasible variation of the tax on the dirty good and labor has the tax on labor increasing (becoming less negative)  as the tax on the dirty good increases.  At least that is the expected, first order, effect.

Welfare Effect of a Tax Change:

A feasible variation in taxes will change V by changing consumer prices and will change D’x, the external cost.  Let’s start by looking at the change in V occasioned by a small change in taxes dt.  By our assumption that p is constant, the small change in tax, dt is the same as dq a small change in prices.  Using Roy’s identity for the effect of a price change we get: 
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where  is the marginal utility of income. 
DM use the Roy expression to derive their optimal tax rules.  Looking at a feasible tax change, we set dt so that its ith component is dti/dtj *dtj, its jth component is dtj and all its other components are zero.  The feasible tax change improves welfare through V iff
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We know that p’z = t’ x(p+t).  Since p and z are fixed, when we take the derivative we can solve for x as follows. 
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So,
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Or in pure matrix form
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The effect on damage of a price change, dq, is
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Using the expression for damage and rearranging the matrix expression for indirect utility loss, we get (the standard answer):
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In this form we get that the change in welfare is the sum of the total change in demand induced by all consumer price changes (dx/dq) times the tax or tax less damage wedge (t-D).

If instead of knowing the change in prices, one knew a change in quantities, dx, the expression would be
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Of course, 


[image: image11.wmf]i

ij

j

j

x

dxdt

t

¶

=

¶

å


Except in convenient theory settings, all of these expressions for dW are difficult to evaluate.  Convenient theory settings mostly concern themselves with either a few (usually two) price changes or a few quantity changes and only one externality (say D1 is the only non-zero element of D.)  In the case of price changes, the most convenient case is where producer prices, p, are constant, and only two tax rates are changed in a way to preserve a government budget balance.  Now one needs to find the effect of the price changes on the quantity of the first good and only needs know the quantity of the two goods whose prices change—Roy’s identity makes knowing most of the demand curves irrelevant.  No real economy behaves this way.  When one good is significantly taxed, a host of consumer prices change in response.  In the case of quantity changes, one again needs a special setting to be able to know a feasible variation in quantities, say less of the first polluting good and more of other goods.  Fullerton and Metcalf accomplish this with a production possibilities frontier that is only non-linear in the case of the interesting polluting good.  The need for strong assumptions is why policy simulations are done as simulations and not as a plug in to a simple formula.  On the other hand, the policy models have so much going on in them that the nature of the interesting effects are obscured.  
Now let us put together the expression for dW in terms of taxes and a feasible variations.  Without loss of generality we choose the first and n’th goods taxes to vary.
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If the tax system is optimal, then this expression equals zero, even though there are taxes or tax less damages, pre-existing distortions in the economy.

Lack of Optimality and tax changes

Let q0 be the optimal consumer prices, q be the existing consumer prices, and dq be a feasible, small, change in prices.  The welfare function (perhaps indirect utility) is V(.).  We seek an approximation of change in welfare from the feasible price change dq:  V(q+dq) – V(q).  Approximating in Taylor series around the optimal consumer prices, q0, 
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Subtracting the Taylor series approximation of V(q) from that of V(q+dq) and using the symmetry of the second partial matrix Vqq we get
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There are three terms on the rhs.  The first term is not necessarily zero or negative because dq needs be feasible at q not at q0.  For instance, dq could just be a return towards  q0 from q.   So as q approaches qo, this terms vanishes.  The third term is zero because it is of order dq2, which is smaller than order dq.  Therefore the approximation is
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It can also be interpreted as the approximation of Vq at q, (not at q0 ) times dq.   This approximation shows, at least in the small or when V is near quadratic that a double dividend term can only come from non-optimality;  the further q is from optimal, the bigger the effect can be.  
The term, Vqq can be written in terms of the Slutsky matrix whose i-jth element is Sij, the matrix of derivatives of the Hicksian demand system.  The elements of Vqq are given by
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Which, on using the Slutsky equation becomes
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Let w be an expenditure share and h,y be elasticity of h with respect to y and so on.  So, on multiplying by the prices and dividing by income squared:
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Assuming mild relative risk aversion and shares less than one and a price elasticity near one will make this expression positive as the Hicksian term will then dominate.  
If we are willing to assume that Vqq is positive definite, which will almost surely be true for estimated demand systems, the we can at least find the sign of of 
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.  Since q and dq are column vectors we can define T by element by element division as 
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If the elements of T are positive, than TVqq will still be positive definite and the tax change will be welfare improving.  That is, if all tax changes go towards to optimal tax, the tax change is welfare improving.  This condition is sufficient, but not necessary.
Double Dividend Again
In order for an externality correcting tax to increase the efficiency of the tax system, the system must be inefficient to begin with.  We model that inefficiency as a constraint on the one or more of the tax rates.
The standard model of optimal taxation
, in its simplest form, is that the government maximizes the welfare of the single (or representative) consumer, subject to the demands being producible.
Maxq V(x(q)) s.t. x1(q) = (f(x2(q),…,xn(q))

Consumer netputs are x which are a function of the prices faced by consumers, q.  The price of the first good for both consumers and producers is normalized to 1.  For goods two through n, producer prices are –fi .  
Because the consumer is on his budget constraint and there are assumed constant returns to scale q’x=p’x = 0 and t’x =0 as a consequence.  The government budget is always in balance.

In addition to the objective function and production possibility frontier, the economy faces an additional constraint on the choice of taxes, which we assume to be one dimensional and to restrict the price on the second good:  q’ ≥ q2.  This is either a political constraint or a stupidity constraint.  In either case, the analysis is to relax this constraint.

Let (q*,*,*) be a saddle point of 

V(x(q)) +  ( x1(q) - (f(x2(q),…,xn(q))  + ( q’ – q2)

so that q* are the consumer prices that maximize V subject to the constraints.  It is immediate that the value of tax reform (choosing new optimal q’s in response to an increase in q’) is *:
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Of course, if the constraint on q2 is slack, the equation becomes the well known first order condition for optimal taxation (and *=0).  Without further assumption, one can carry this a little further by noting (as in DM) that q’x = 0 (consumer budget constraint) and t = q-p, so that


[image: image22.wmf]2

2

**

i

i

x

xt

q

tal

¶

=--

¶

å

.

The last term is the change in the tax take (if tax rates did not change), so if the optimal response to an increase in the price of good 2 is to decrease the consumer price of other goods is such a way as to leave the government budget unchanged, then the effect of the “double” part of the dividend is precisely –
The Goulder, Parry, Burtraw example chooses a very simple production possibility frontier, the frontier is simply the sum of the goods.  The factor price frontier is thus a price of one for all the goods always.  This is precisely the case where the change in the consumer price and the tax rate are identical.

Working from the government budget constraint, t’x = 0, so on taking the derivative with respect to q2 (which is the same as taking the derivative with respect to t2, 
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.  Substituting this into the expression for  above gives our final expression for the double dividend:
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In this measure of the double part of the double dividend, all that matters is the difference between the marginalvalue of an uncommitted unit of good one and the value to the consumer of the same unit.  This is a general measure of the efficiency of the tax system, where for a perfectly efficient tax system, those two values would be the same.  In this sense, our result confirms that of GPB, that it is the level of distortion that matters.

The difference in the results derives from their specifying a specific tax to be decreased in response to the tax increase for the polluting good, where we have used the optimal tax increase.
� One could write T as the endowment of factors and explicitly account for endowment by writing V(T’q,q).  Taking the total derivative with respect to q and dividing it by the marginal utility of income yields T – x*, where x* is consumption and -x = T-x* is net consumption.  


� cf.  DM equation 23.


� Diamond, Peter and Mirrlees, James.  American Economic Review  March 1971
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